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1 


Antiderivatives 


1.1 Integration 
Integration is a process which is the inverse of differentiation. 


In differential calculus, we find the differential coefficient of a 
function, while in Integral calculus, we find the function whose 
differential coefficient is given. 


1.2 Definitions 
If 4 F(x) = f(x), we say that F(x) is an integral or a primitive 
or anti-derivative of f (x). We write 
[fear = F@) 


Thus Joos xdx =sinx 
because 4 (sin x) = cos x. 
3 
x 
Similar! tde =—, 
imilarly f 3 
fetax = eF, ete, 


The process of finding the integral of a function is called 
integration. We are said to integrate f(x) when we find the integral 
of f(x). The function to be integrated is called the integrand. Here 
(x) is the integrand. 

The symbol “J” denotes integration; dx indicates that the 
integration is to be performed w.rt. x; x is called the variable of 
integration. Now if C is an arbitrary constant, which may assume 
different values, we also have 
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Ztrw+c} =f (x) 


> ff@a =F e+e 

It shows that the integral of a function is not unique, because 
by assigning different values to C, we will get several integrals of 
J (&). It is for this reason that F (x) + C is called the General 
Integral or Indefinite Integral of f (x). C is called the constant of 
integration. 

Note : The constant of integration is usually omitted from the 
result but it is always understood to exist with every indefinite 
integral. 

1.3 Standard Integrals 

We can find out the integrals of certain important functions 

keeping in mind that integration is a reverse process of 


differentiation. 

, w4(2"). 

@ . $(4)-¢ 

i af ad 
di) 1G loa @) =~ 
(ii) vEe)ze 

i Af 2) ge 
(iv) -4(S) a 

(v) fain xde=-cos x 2 (-00sx)=sinx 
(vi) Joos x dx =sin x Enz) =cos x 
(vii) fsec? x de = tan x (tan 2) =sectx 


(viii) Joosec? x dx =-cot x (cot x)= cosec'x 


(ix) sce x tan x de = see x oi (ooo x)=see x tanx 
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(8) foosee xeot edz» (-coseex) 
=—cosec x =cosec x cot x 
Gi) fide=x ’ L(y) =! 
(iil) Jode=c Lo =0 
(xiii) fey @e=sintx +: 7 (sin x) = : ~ 
(xiv) fooae wx (tan )=5 de 


1 -1 a3 a 1 
(xv) Sages x “(see aes =e 


x 


1.4 Fundamental Rules for Integration 
Rule 1. The integral of the product of a constant and a function 
is equal to the product of the constant and the integral of the 


function, ic., fof (x)dx=c [f(x)ax. 
Rule 2. The integral of the algebraic sum of two or more 


functions is equal to the algebraic sum of the integrals of those 
functions i.e. 


Jvtviws...)de= fudet fvdet fwart... 
where u, v, w, ... all are functions of x. 


ILLUSTRATIVE EXAMPLES 
Example 1. Integrate the following functions wrt. x : 


ax (i) 8 (iii) x 
x 
(iv) on o (vi) (1-x7)” 
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(wv) Jone occ? x de = tan x 


COs x cosx 1 
ii 7 aka OSs .—— dr = foot x cosec x dx = - coseex 
sin’ x sinx sinx 


(i) f0-2)iae= Fa tenants. 


Example 2. Integrate the following functions w.rt. x : 


(0 (ii) 5 ii) 2- 
* . 2. 3g sin x 

(iv) max ¥e (v) mG-o) (aa) 

Solution : 


(@) fode=C where C is an arbitrary constant. 
(ii) foae=s fae=sx 
(iit) f(2-x*) ae = fade- frrax 


(If a = — 1, then integral = 2x — log x) 


Antiderivatives 


: ses See 
(iv) f[sinx-20 ja 


fain x de - face feta 


0 


~00sx=2 fide set 


" 


icc 


(0) fea “5% = Gs 2) foin x de 
et 
sin(a-a)* 


Example 3. Find [,/i+sin 2x dr. 


Solution : 


Jli¥sin 2x de = ffcos* x + sin® x +2sin x cos x de 


Example 4. Find i 


Solution : 


‘ 

fee 
oly 

=i +1 des foe +1 


: fee) =1)(# +) des fe 


= fy(cos x+sinx)' de 
= J(cos x +sin x) dx 
= foosx de + foin xde 


= sin x ~ cos x. 


4 
£ at ay 
x+] 


x+l x +l 


= f(e=1)ae+ tants 


= Pde - fae + tants 


x “1 
=>-x+tan"x. 
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Example 5. If f’(x)=cosx+4 and f (0) = 1, then find f (x). 
Solution : By definition of integral 


[r@a =s@ 


Put x = 0, 
We get 
But 


LQ) = f(cosx+4)de+e 
= Joos x de + fade+c 
= sinx+4 far +C 


=sinx + 4x+C 


FM=C 
f£(0)=1 
c=l1 
Sf) =sin x + 4x +1. 
EXERCISE 1.1 


Find the integrals of the following functions with respect to x. 


1. 
3. 


5. 


6x* 2021 
cot? x 4. tan? x 
et 6. att bxte 
x 
ae lies 
l+x+—4+>+... 8. —+sinx 
kB x 
2 
Set7 4g 10. (--4) 
x x 
4-Ssinx cos 2x 
: n SS 
cos’ x cos* x 
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13. 
1 


sin? x -cos* x 


jin x 


15. —> 7 
sin’ xcos* x 


43x27 44 
ar mara 
x? 

19. sin x sec? x 
cos 2x - cos2a, 
cos x — cos @ 

sin x +.cos x 


ca vi+sin 2x 


25. 10° + 3e° +? 


relation in y and x. 


14, 


26. 


28. 


30. 


sin? x 


(tan x +cot x)? 


cos 2x + 2sin? x 
cos? x 
1 
I+sinx 
SEN SINE (1+ sin 2x) 
cos x + sin x 


sin x + cosec x 
tan x 
(x+a) 
vx 
(? +8), 
~ 


hee +3a 


and y = 0 when x = 0, then find out a 


32. we Sarse and y = 3 when x = 1, then express y in terms 


of x. 


ANSWERS 
EXERCISE 1.1 


2x 

4. tanx—x 
a bt 

6. 


++ 
aia 


3. 


. 6 sin! x +3 tanx 


x x 
++ t+... 8. 
“Bi 
5+7Tlogxt+e 10. 
4 tan x —5 secx 12. 
tan x + sec x 14, 
tan x + cot x 16. 
2 $ 
2S tage 18. 
7 5 
sec x 20. 
2 (sin x + x cos a) 22. 
x 24, 
Osea tet 
log. 10 4 


2 3 2 = 
2e +8ax + 2a°x? + 2a*x? 


28. 


® gt ot 
34349520 30. 
3° *4 
: 
pote ee 32. 
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log x — cos x 
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Integration by Substitution Method 


2.1 Suppose we are required to integrate f(x) w.rt. x. Sometimes its 
direct integral is not easy or possible. In such a case we regard x as a 
suitable function of ¢ say x = 6 (1) so that dx = $' (0) dt. Now, 


Jf@de= [f{oo}e Oa 
Now we evaluate this integal and putting the value of f in terms 
of x from x = 6 (f), we express the result in term of x. 


Note : There is no hard and fast rule for making suitable 
substitutions. It depends upon the nature of the integral. Experience 
will enable the students to think out a suitable institution. However, 
for the sake of convenience, we can learn certain suitable 
substitutions under the following headings : 


(i) Function of a linear function of x : 
For evaluating an integral of the type 

Jf (ax+b) de, we put ax + b = 450 that a de = dt 

a 


idk 
a 


. = front 
» Sarda = [roe 


=1 frou 
a 
which can be easily evaluated. 
(ii) Functions involving a? + x. 
In such cases the proper substitution is x = at. 


10 Integral Calculus 


(iii) Functions of x* : 
If we have an integral of the type 


Jr(#") x"~'dx, then the proper substitution is x” = 1. 
(iv) Powers of a function : 


Any power of a function when multiplied by the differential 
coefficient of the function can be immediately integrated by 
substituting ¢ for the function. 


(v) The integral of a function in which the numerator is the 
differential coefficient of the denominator is equal to the logarithm 
of the denominator, i.e., 


fe 8 de =log f(x) 


Note : Sometimes two or more substitutions in succession are 
used. 


2.2 Remember the following results : 


(i) fin (ax +0) de= sesler+) 

(ii) foos (ax +6) de ~ Holes?) 
Git) fsec* (ax +b) de me) 

(iv) 

14 

) agen z los (a +) 

(vi) far) dea na 
vit) fee (ax-+6)tan (ae +8) de = CE *?) 


ca fehzeete(t) 


Integration by Substitution Method I 


x 


(x) iy etal (2) 


© Spee 


x ve -a@ a a 


(xi) ftan x de = log sec x =~ log cos x 
(xii) foot x dx = log sin x. 
ILLUSTRATIVE EXAMPLES 


Solution 
Let I= ey a& 
Then T= = - Put xt =e 
1) 4x) de = dt 


Example 2. Evaluate if 4S ds. 


Solution : 
Let 


Then Dividing the numerator and 


denominator of the Integrand 
by e 
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Now put bev +c =f 
— be* dx =dt 


a dt 


al 


bet 


a 
-=logt 
ied 


~ Flog (be +e) 
— 10, (2+) 
b s e 
4 b+ce* 
be e 

= 4 toe/ 2 
Bl b+ ce) 


we 
Example 3. Evaluate reed dx. 


Solution : 
Let I= [oye 


Then 1=2 
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Example 4. Evaluate ea ed Wea 
x 


Solution : 
1 
Let dt 
SE 
1 a&k 
Then T== Put =r 
: 2h i-x ve 
at 
3° 2dx =dt 
ald =dt 
2x 
& =2dt 
zt 


Example 5. Evaluate f 


Tern x 
Solution : 
1 
Let oy lasers 


Divide Numerator & Denominator by cos? x, we get 


d& 
= Sirmtters 


sec? x de 


= | & 


144 tan? x 
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Put tanx =f 
2. sec? x dx = dt 


1 
2 
i 
2 


Example 6, Evaluate [/1+sin x dr. 


tan” (2 tan x). 


Solution : 
I= if 1 +sin x dx 


[aint = Ee 
= ~42sin~cos— 
Jysin oe =” sin 5 cos de 


wt ” 
| cage 
> 
a SS 
5 g 
vin? 
* Nik 
8 + 
fe ae 
RES lk 
& 
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x x 
= -2cos=+2sin— 
2 2 


2{sin3 cos), 
2 2 


Example 7. Evaluate finzeosx ee 
acos*x+bsin’ x 
Solution : 
sin x cos x dx 
Let he 
Freee x+bsin? x 
Put a cos? x + 6 sin? x =¢ 
<. © 2a cos x sin x 
+ 2b sin x cos x) dx = dt 
. 2 (6 -— a) sin x cos x dx = dt 


Me _ dt 
<. sin x cos x dx = 2(6-a) 
1 dt 
I= (a 
2(b-a) iF 
oi een 
2(b-a) 
= Toray 98 (cass + bsin*s). 


Example 8. Evaluate + 
x +008 x 


Solution : 


=f ! 
sin x + cos x 
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- + f—__+___« 


Qe me. rt 
HN A TOS SOE 
1 a& 
HE 
4 
1 t r 
= Jy fee(x-3) a Put x-7 =F 
dx =dt 
1 
= — fsect dt 
% f 


ai peeeeleect esas) 
V2 sect + tant 
Again, put sec ¢ + tan ¢ =z 


a (sec ¢ tant + sec?) dt = 4 
z 


. sec ¢ (tan t+ sec 1) dt=a& 


= Sy iow see + tans) 


pollo 


Example 9. Evaluate 


Solution ; 
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Put Ve =t 
= Fees yc 
riatied =dt 
a& 
— =ldt 
vx 
Pdt 
1=2 
See 
2 - 
-2ft +l y 
lee 


a“ 


2[1- tan" 1] 

= 2[ vx = tan" (vz)]. 
Example 10. Evaluate fain 2x cos 3x dx. 
Solution : 


~ 
" 


2 fesin 2x cos 3x de 
2 


" 


} [(sin Sx -sin x) de 


2 
Sos x - cos 5x 
10 
EXERCISE 2.1 
Integrate the following functions with respect to the variable of 
integration x : 
2x+3 
x 43x47 


Al cos Sx | 
oad far + COS X 


cos x ~sinx 
"sin x+cos x 


23. 


25. 


27. 


29. 


31 


1+ x" 
tan x 
logsec x 


sec x cosec x 
logtan x 

e -e* 

e+e" 


x"! 


"at bx" 


3x+2 


"3x7 44x47 


* xlogx 


e 


” 3+e" 


1 


* (1427) tant x 


1 
Qe) 


x 


(a+bx) 
cos vx 


vx 
cos (= + ) 


22. 


24. 


26. 


28. 
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x 


1+x* 
cot x 
log sin x 


cosec?x 
1+ cot x 


e+ 
el 


sin x 


" at+bcosx 


x+l 


x? 42x42 


1 
x (1+ log x) 


xtte’ 
x +e 


xlogx [log (log x)] 
2x-1 
(x41) 
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33. e* cos e* 
35. tan‘ x 


xe 
37. (ry 


39. sin x sin 2x sin 3x 


19 
34, x" ' sin xt 
36. sect x 
38 sin x 
* sin(x-a) 
40. cosec (x — a) cosec (x — b). 


ANSWERS 


EXERCISE 2.1 


1, log (@? + 3x + 7) 

3. log (sin x + cos x) 
1 

. — log (1+x" 

5. ra og ( +x") 

7. log [log (sec x)} 


9. log [log (tan x)] 
Ll. log (e* + e*) 


13. + tog (a+ bx") 
15, ; log (3x? + 4x +7) 
17. log log x 


19. log (3 + e") 
21. log tan x 
23, 2 log (1+ Vx) 


25. log (cosec x — cot x) or log tan 


2 3 1 
age ; 
x+1 2(x+1) 


26. — 


2. 


4. 


log (x + cos x) 


~ hog (4 +5 08 x) 


, log (1+ 2") 


. log [log (sin x)] 
. — log (1 + cot x) 
. log (e" - e*) 


Y ~ tog (a+ be0s.x) 
q Flow (x? +2x+2) 
. log (1 + log x) 

uy 

= log (x* +e" 
. = lon ( +e") 
. log sin! x 


|. log [log {log (x)}] 


2 


21. alc + bx) 2a log (a+ bx) a? (a+ bx)" | 
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20 
28. Fant? 29, sin Vx 
1 sin(ar+ 2) 
30. ~ 700s? 31. —a 
252 eC | 2 
32. 2(I-a)§ -F (Ix +3 (1-3)? 
1 ” 
33. sin e* 34, 7, 00s 
35. =H tan? x tan + x 36. tan x43 tan? x 
at 
37. 4(I-x) 
38. x cos @ + sin a log sin (x - a) 


. ~5[c08x+ Leos sx) 40. — |. tog 


2 "sin (a-6) 


sin (x-a) 


sin(x-6)* 
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Integration by Parts 


3.1 Formula of Integration by Parts 
If u and v are two functions of x, then 


du 
furv de=u Jude — fF ( fo ae) de 
i.e. integral of the product of two functions = first function x integral 
of second function — integral of [differential coefficient of first 
function x integral of second function]. 

Integration with the help of this rule is called integration by 
parts. The success of the method depends upon choosing the first 
function in such a way that the second term on the right hand side 
may be easy to evaluate. There is no general rule for choosing first 
and second functions. However, the following points should be kept 
in mind while solving the questions by this method : 

(i) Of the two functions, the one whose integral is not known 
should be taken as the first function. 

(ii) If the integrals of both the functions are known, then the 
function which vanishes by successive differentiation be 
treated as the first function. 

(iii) If the integral is a single function, then | should be treated 
as the second function. 

(iv) If the integral of neither of the two functions reduces to 
zero by differentiating successively, then any of the given 
function can be treated as the first function. But if the 
integral on the right hand side reverts to the original form, 
then the value of the integral can be immediately inferred 
by transposing the former to the left hand side. 
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3.2 fet {f(x)+ f'(x)} dee? F(x) 
ILLUSTRATIVE EXAMPLES 


Example 1. Evaluate pastes) a, Da, 


Solution : 


I= posts») we de 


r= fi, leet Put log x =f 


Land 
x 
(integrating by parts) 

= (loge)1~ ft-tar 
=tlogr-t 
= log x log (log x) - log x 
= log x [log (log x) — 1) 
= log x [log (log x) - log e} 


= log x log (se *). 
Example 2. Evaluate fans! x de. 
Solution : 
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Example 3. Evaluate fsin“' x de. 


Solution : 


x 
= xsin' x- dk (integrating by parts) 
ies iB DY Pi 


Put 1-x =f 
~ 2x dx = dt 
x dx =- tdt 
= xsin' x+ 1-2, 
xe" 
le 4, iN I —— dx. 
Example 4. Evaluate i x ¥) 
Solution : 
rea] 
(1+) 
= feet + (integrating by parts) 
(1+x) 
1 i 
= xe"(-—L ~ feet +e" aol a& 
l+x l+x 


Example 5. Evaluate fe sin bx dr. 
Solution : 


T= fe sin brde 
Io 
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Integrating by parts 


Ts o(-2)- foer(- 25 a 


= Sos bx a e™ cos bx dx 


b bl wl 
_-£ cos bx | a a Sin _ fg ODE ae 
6 b b b 


(again integrating by parts) 
e* cos bx 
b 
oF 00S bx a a 


= +e sae-2 7 
6B 6 


2 
re @ fa 
tHe sin bx 5 fe sin bx dx 


a+h e“ cos bx ae™ sin bx 
q 2S 
b e 
e“cosbx | ae™ sin bx 
a+b? a+b? 


I= pap asin bx —bcosbx) , 


Example 6. Evaluate fe’ (1+ tan x) sec x dr. 
Solution : 
T= fe‘ (1+ tan x) see x de 


_ sec xdr 
“dS 1 


= et secx— fet see x tan xdx+ fe" sec x tan x dx 


+ fe’ see x tan x de 


= et sec x, 
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Example 7. Evaluate [**"* 
1+cos x 
Solution : 
pees 
1+cos x 
Cee: 
x+2sin = cos — 
= f-—_—27« 
200s? * 
2 
1 eked = 
=3F sec 5+ flan = ae 
ou 
1 x x x 
= $[+-2un3- fr-2san% ar] + fian 5 de 
x x x 
= xtan=— ftan=dx + ftan=dr 
tan flan 5 de + fan 
= xtan=. 
2 
EXERCISE 3.1 
Integrate the following functions : 
1. xet 2. x sin x 
3. x cos x 4. x sec? x 
5. x cosec? x 6. xsin 5 cos 5 cos x 
7. x sin? x 8. x cos? x 
9. x sin’ x 10. x cos’ x 
11. x tan? x 12, x cot? x 
13. x tan x sec? x 14. x cot x cosec? x 
15. x sin x 2x sin 3x 16. x cos x cos 2x cos 3x 
17. log x 18. log (1 + x2) 


19. log {r+ Je? +e} 20. log x(1 + x? 


21. (log xP 22. x" log x 
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23. x log x 24, 8X 
x 
log (1+ x? 
25. tea (t+) 26. x" (log x)? 
x 
27. x tan! x 28. <¢ tan! x 
29, x tan"! x 30. x cot! x 
31. e* cos bx 32. et (sin x + cos x) 
er l+x ae +l 
* " (2+x) (xt) 
x l+sinx x i-sinx 
34.. o———— 36. € ——— 
1+ cos x 1-cos x 
1-x)e" e* (1+ x log x 
ay, Mae ag, Slit topx) 
x x 
log x x-sin x 
a” (14 log x)? 40. cos x” 
ANSWERS 
EXERCISE 3.1 
le @-t 2. —x cos x + sinx 
3. x sin x + cos x 4. x tan x + log cos x 
1. 
5. —x cot x + log sin x 6. 7g [sin 2x ~ 2x cos 2x) 
1 x? _xsin2x _ cos 2x 2 x? xsin2x _ cos 2x 
“4 4 8 2 4 8 
1 5 xcos3x _ sin 3x 
. =| -3. 3 —_- 
9. i x cos x +3sin x 3 9 | 
1 ‘ xsin 3x | cos3x 
10. a 3x sin x + 3 cos x +————— + 9 


i. 


12. 


2 


x tan x + log cos x — 5 


2 


‘ x 
~ x cot x + log sin x — > 
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13. 


14, 


15. 


16. 


17. 
18. 


19. 


20. 


22. 


24, 


26. 


27. 


28. 


29. 


2 
5 (tan? x—tan x4 x) 


~ (cot? x4 cot x+3) 


1 (ss 2x cos4x wae 
Lx ( COS om 3 
2 4 6 


sin2x | sin4x _ sin *) 
+ + - 
4 16 36 
sin 4x, sin =) 
are 


oS cos 4x alll 
+ | ———+$ —— + 


+ (sin 2x+ 


2 8 18 
xlogx-x 
x log (1 + x?) — 2x + 2 tan! x 


x log (r+ Va? +8 )-a" +x 

the 21, x (log x)? — 2x log x + 2x 
x 1 Ea 1 

—| log x -—— . | ke -= 

al > 4 = = (es 3) 


| (ogx +1) 25. ~tog(1+ 2") +2tan-'x 
x 


aus 2 2 2 
raked - Zier] 


ze +1) tan" x-x] 


i 
uo) 


"a 


[+(e +1) cot"'x] 


FoF (cos bx + sin bx) 


33. 


35. 


37. 


39, 


Integral Calculus 


4 


Integration by Trigonometrical 


Substitutions 
oe 
Example 1. Evaluate F = = 
x 
Solution : 
sf tant? 
T= f lex Put xY=t 
3x? de =dt 
. Pde a 
1 ptan! 3 
l=3hp% Put =f =tan@ 
: dt = sec? 8 dO 
4 2 
ie 3 is (tan 0) sec 8 0 
3 1+tan*@ 
i 
== j0d0 
3/ 
e 
6 
(Cou 
“6 
Example 2. Evaluate 
(I+)? 
Solution : 4 
r= e™ = de Put x =tan@ 
(l4x7)? 2 de = sec? 8 d8 
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tan @ tan” (tan 8) sec* @d0 
2 
(1+ tan?0)? 
‘tan 6-8 


in, eae (integrate by parts) 


= 0(-cos 0) - Ji-(-e0s 6) do 


=- 6 cos @ + sin® 


1 
= tan” x-——— 
Hex? Jl+x? 


x—tan'x 


ae 
Example 3. Evaluate [tan me oe 
l+x 
Solution : 
ia 
=~ de Put_x = cos 20 
l+x 
. dx =— 2 sin 20 dd 
10s 20, 5. 
= fant | SS (2 sin 26) a0 
# Ta 00s 20 © 28" 28) 
= fan 20-8 ( 2sin 20) do 
= -2 [0sin 2040 


fes)-067)4 


=! a 
=9[2tor ee, bn 
2 25:4 
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" 

1 

' 
o 
n 
o 


Example 4, Evaluate IF 
Solution : 
ty 
I= de Put x =sin @ 
dx = cos @ dd 


q 
= 
= 
38 
s & 
s 


" 


tan“! 
Example 5. Evaluate pa) 


dk. 
l+x? 


Solution : 


Put x = tan @ 
. de =sec? 6 dB 


pe es (tan"' ) 


1+x? 


sec (tan tan @) 2940 
t= Ty tan@ 


= fsecoao 
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= log (sec @ + tan 0) 
= (log Jie? +x). 


EXERCISE 4.1 
Integrate the following functions with respect to x : 


x tan"'x 
. a 
' 1+x7 
2x 
3. 4. sin? 
an ee 
5. 6. 
7 8. 
9. 10. 
nu, —— 12 
(@ + 6x7)? 
ANSWERS 
EXERCISE 4.1 


1 
2. xtan"'x-—| 
2 


Jog (1+ x?) - (tan x) 
3. 2xtan“'x~2log(Ji+x") 
4 2[ stan x-Log(1+2")] 


xsin“x | log (1- x) 


yi-x% 2 
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6. (a+x) tan” = — Jax 


7, 2x tan" x -log(1+x*) 


8. 3[ xian s-2 og(1+)] 


Sea 
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Integration of Hyperbolic Functions 


5.1 There are six hyperbolic functions defined as under : 


5.2 


cosh 0 = I 


cosh? x — sinh? x = 1 


sech* x = | - tanh? x 
cosech? x = - 1 + coth? x 
sinh 2x = 2 sinh x cosh x 
cosh 2x = cosh? x + sinh? x 
= 1+2sinh? x 


= 2cosh?x-1. 
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2 tanh x 
1+ tanh? x 


53 sink! x = log(x+ yx +1) 
cosh x = log (« + JF =1) 


1) +x 
rl pgs loge 
tanh"! x 281 


tanh 2x = 


5.4 fsinh x dx =cosh x 
Josh x dx = sinh x 
focch? x dx = tanh x 
Joosech? x dx =~cothx 
foech x tanh x dr = —sech x 
Joosech x coth x dx =—cosech x 


ILLUSTRATIVE EXAMPLES 


a 
Example 1. Evaluate Sax: 
Solution : 


[Dividing MW & D by e*. 
Put et=t 
-etde =dt 


e*dx =-dt] 


36 


1a oa 


1 
=-2fpqen4 


(- log (1-4) + log (1 +1) 
jog (1 — 4) - log (1 +) 


e 
e-1 

= eli} 
e+l 

Example 2. Evaluate fsinh 3x cosh 3x dx. 


Solution : 
I= fsinh 3x cosh 3x dx 


| sinh 6x ax 
2 
1 cosh 6x 
2 6 
cosh 6x 
12 
EXERCISE 5.1 
Integrate the following functions : 


a ? 7 Sr EET} 
1. cosh? x (rey 


Integral Calculus 


Integration of Hyperbolic Functions 


4. (e" -e'y 
5. cosh (log x) 6. sinx sinhx 
ANSWERS 
EXERCISE 5.1 
1 sinh 2x 1 
/ [xt }. —tanh 
1 i(« 2 } 2. 4 anh x 
3. x-cothx 4. sinh 2x-2x 


2 
5. ie +log *) 


6. ; (sin x cosh x - cos x sinh x) 
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Integration of Rational Functions 


dx dx dx 
6.1 To evaluate ke fara an lage 
d& 
@ t= faa) 


- {—*— 
~ 4(x-a)(x+a) 
First we shall break the integrand into partial fractions. 
1 I Al. 8 
let Poa * (al(xea) xa x+a 
> 1 =A (x+a)+B (x-a) 
Put x = a, we get 
1 =A (a+a)=A-2a 
cl 
2a 
Then, put x = — a, we get 
1 =B(-—a-a)=B(- 2a) 


> 


yes a eee 
x-@  2a\x-a x+a 


; ! ett 
a froe-ti(-a)« 


= [los («-a)- og (x +0)] 
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di) 


Sy (=) 
= 2a Slate 
dk 
I= aes) 

First we shall break the integrand into partial fractions. 
wees Ag 8 
© (a-x)(at+x) a-x atx 
=> 1 =A (a+x)+B(a-x) 
Put x = a, — a, we get 


A=—,B=— 


“| 1 1 | 
ee eee ee 
2ala-x a+x 
1 1 1 
—fi—— de 
lace 2a (4+4) 


x [-log (a- x) +log (a+ x)] 


joes oe 
t= SF ya tan’ 0 
1 
=— |de 
ra 
i) 


Hw) 
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ILLUSTRATIVE EXAMPLES 


dk 
le 1. Evaluate 
Example -valuat la 
Solution : 


" 
v 

RIi- 
oe 
— 
me 
+] 1 
| 00 
= 


Example 2. Evaluate Pare] a 


Solution : 


dk 


E: le 3. Evaluate |———_—-——.. 
xample 3. Evaluate leads 
Solution : 


n dk 
~ (2x41) V4x+3 
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«ips 


~24F=-1 
2 

ape 

© IP AT 


1 t-1 


2 ert 
zak 4x43 - 
5308 4x43 oa 


& 
Example 4. Evaluate wen 


Solution : 


5 d&k 
7+4x 
= etn! (3) 
“wT \W7 
EXERCISE 6.1 
Integrate : 
a Nae adie 
ofa » ora 


41 
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x 
3. 
44x 
x 
5. . 
at+x* 
” sec? x 
i "tan? x4 4 
ANSWERS 
EXERCISE 6.1 
1 3x-2 1 34+2x 
1 Sl 2 > 
3x+2 12° 3-2x 
a, x-a 
+rh = aS 
3. x 2 xea 4, x-2tan 
Bee 1 a(x 
5 log (x" +4)-5 tan" > 6. 53 tan (3) 
1 tog ae 8. Stan (22% 
+ aa Oa 2 2 


62 To evaluate the integrals of the form [———>—— 


ax’ + bc +c is such a quadratic expression which cannot be 
factorized. 

Method. First we transform ax* + bx + c in either of the possible 
forms X? + A?, X? — A? and A? ~ X, where X is one degree expression 
of x and A is a constant. Then we use the corresponding formula 
and evaluate the integral. 


Example 1. Evaluate fof. 


Solution : 
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Example 2, Evaluate f 
Solution : 


43 
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EXERCISE 6.2 
Integrate : 
at. pee 
“SP extl * 3-2x-x 
ese, oe 
* 2x? 44x43 * xt+2x7 +5 
i Aelia Pepe no 
"xt txt * 46x48 
ANSWERS 
EXERCISE 6.2 
1. Zotant{ 2841 a. tog {342 
"8B 8: "4 l-x 
ica Lae (24! 
3. Jztan [v2 (x+1)] 4, tan ( 
2. 4 (4x+l 1 x+2 
.  —=tan » al 
s 5 (SF) © are 
eae ae Da 
6.3 To evaluate the integrals of the type ie ehete 


Method. We break px + g into two parts in one of which is 
there is the differential coefficient of the denominator i.e. 
ax? + bx +c and the other is a constant. Let, 


prt g= ME (ax +br+c)+N, 


where M and N are constants. 
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=> px+q=M(2ax+b)+N 
Comparing the coefficients of equal powers of x, M and N can 
be determined. 


Now the given integral breaks up into two integrals, one of 
which is of the form Oa which on evaluation gives log f(x) 
x 


and other is of the form 


1 a&k 7 
ke ta dx or Ie =- which can be 
evaluated by results given in article 6.1. 

Hence the given integral can be completely evaluated. 


3x+1 


Example 1. Evaluate leona 


Solution : 
Lox -2x+3)=4x-2 
Let 3x+1=M(4x-2)+N 
where M and N are constants. 
Comparing the coefficients of equal powers of x, we get 
3 


3=4M > M=— 
4 


1=-2M+N 


46 


Integrate : 
3x+1 


"xt ext] 


x 


Ox? + 2x43 


4x +3 


2x? + 2x45 


$tog(x* +25+1)+ 


" 
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cL rey 
Qi 2x430 0 212x243 


log (2x7 -2r+3)+3 — 


xrax+ 


ew alu 


4 
3 5 

5 los (2x° iar z 
+ log (2x° -2x+3)+5 f 
1 


— tan" 


vs 


2 tog (23° -2x+3)45. 


3 og (20° 2043) 5 tan! 2 


EXERCISE 6.3 


x+l 
"xt 44x 
cos x 
x+4sinx+5 
5x-2 
1+ 2x + 3x? 
ANSWERS 


EXERCISE 6.3 


si 


fog (x? +4x+5)~tan"(x+2) 
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3. Flog (2 +2003)-Jp wn" (22) 


4. tan" (sin x + 2) 


5. log(2x* +2x+5)+5 stan" (=) 


3 
6. Stop (32° +21) ta =e 
6.4 To evaluate the integrals of the type 
® Carew (i) eoreae x 
CO rere 


ww f a 
asin’ x + bsin x cos x +c cos’ x 


Method. We divide the numerator and denominator of the 
integrand by cos? x and then put tan x = ¢. 


Example 1. Evaluate (ote 
% 


Solution : 
dk 
l= |} 
j 1+3sin* x 
f dx | Dividing the numerator 
and denominator of the 
sf integrand by cos? x. 


Now put tan x =f 
sec? x dx = dt 


t= fa 


48 Integral Calculus 


Example 2. Evaluate 
Solution : 


laters x+4 00s? x 
d& 
jo 
Saetesacmts 


Dividing the numerator 
and denominator of 
integrand by cos? x. 


Put tanx =f 


sec? x dx = dt 
dt 
Is live 
i a 
P+? 
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EXERCISE 6.4 
Integrate : 
1 
1 deat e 2. 
1 1 
3. : 7 4. 2 
(2sin x + cos x) (asin x +b cos x) 
5 1 cos x 
"a? cos? x + 6 sin? x * cos 3x 
sinx 
1 Sin 3x 
ANSWERS 
EXERCISE 6.4 


3. 3@une+l) 4 T(anx+5) 
5 “tan” (222) 6. 1 lo (2) 
des a Be a tan x 


7 ap Fo) 
* 23° V3 - tan x 


6.5 To evaluate integrals of the type Ine and 


1 
rome 
ots 
~ atbcosx 


@ 
_ a& 


a cost + int} +8 {cos 2 ~ sin? 
2 2 2 
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dx 


(a +6)cos* + (a-b) sin? > 


a& 


Acos?~ + B sin? = 
2 2 


where a+ b=A 
and a-b=B 
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ji) r= f u 


a+bsinx 


+ 2b sin * cos ~ 
202 


2b tan ~ 
2 
Put tan= = 
2 
P.4%: 
= idx =dt 
2 2 
sec? * dx = 2dt 
2 
=f 2dt 
~ ta(i+e) +2 
-2;_4 
a eyo 
a 


ifa>b 
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si eg sate ifa>b 
* a -8 la? — 
atan~+5 
= tan Z 
ya’ -B? ya -8 
a& 
Example 1. Evaluate levnexe 
Solution : 
= f-* 
~ 4544 cosx 
_ dk 
5 sos + sint2) + 4{ cos! —sint*) 
dk 
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x 
tan = 
; | | 
= >lan 
3 3 


Example 2. Evaluate ered 
sinx 


Solution : 
& 
is rey x 
dk 


2 Xs sin? x in~ cos * 
5( cos rica *) + 8sin¥ cos 


sec’ * de 
2 


s(1+tan* =) +8tan 
2 2 


Put tan 


at 
1 ae 


2 dt 


Integral Calculus 


7 
win 


4 
tts 
tan a 


3 
5 


~ 2 tan'(S*4) 
3 3 


2 Stan +4 
= <tan'| —2— 
3 


wivi— 


3 
EXERCISE 6.5 

Integrate : 

alae Pes 
* 445sinx * 2+sin 2x 

1 4 1 

* 445cosx " 2+cosx 

ates 
* 142cosx 

ANSWERS 
EXERCISE 6.5 
x 
lings 2tan5+! ; 1 »(Le2ana) 
3 tan +4 3 3 
3+ tan = 2 1 
= log] ——2 4. tan "(smn 3) 
3-tan= 3 v3 2 
2 
v3 + tan ~ 
1 
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2 

+ 

6.6 To evaluate the integrals of the type reyes] 
x 


where k is a constant. 


Method. Divide Numerator & Denominator of the integrand 
1 


by x? and then put eiverareee: (h 
x 


Example 1. Evaluate faa. 


Solution : 


So, 


56 


Example 2. Evaluate fF 


+r 
Solution : 
dx 
Le Fs +1 


fe (< =") & 


x41 


ra” 


(4-4) 


xed 


" 


where 


and 


if oi 155 “lh 


Integral Calculus 


(by Example 1) 
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etl 22) 
2V2 "Lt + V2 x41 


% 
Example 3. Evaluate J ian 6 do. 
H 


Solution : 


% 
T= Nan 0d0 
° 


Put tan@ =f 
sec? @ dQ = 2r dt 
2tdt 
sec’ 
2tdt 
~ T+tan? 0 
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att 
“let 


When 6 = 0, f= 0 


When @ = 4, 1=1 


log 


(a= 


[tan (0) - tan (- <0) ] 


| 


—L_ 
relay 


gees (fee) 
22 P+ 2041 Fe 
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Ln y2-1 
= —+—=log| —— 
4 22 v2+1 
EXERCISE 6.6 
Integrate 
A x-l xvi 
“ xfel  xfax +] 
2 
care “aes 
5 = 6. == 
xt e at +l P oxte xe] 
% 
1. { Yeor6 ao 
é 
ANSWERS 
EXERCISE 6.6 


i ge x-x 241 
"2 Ut +x 241 
2. wan (2=4) 
° x 


3 1 ag A ee 2+1 
| * 22 xV¥2 V2 “+x V2+1 


| 1 x-l x-xtl 
— tan! ——— + 

| be! 23 xv3 OF axel 

| 1 xt-1 xt-x4l 


1 
tan a ogee 
5 oF x3 4 ex aexel 


60 Integral Calculus 


I 4 2x? +1 
6. tan! ——— 
3 3 
i 1 v2-1 
1 ses 


22 2y2 8 V2+1 
6.7 Problems based on a special method. 


ad 
Example 1. Evaluate ere ee 


Solution : 
Let cos x = A (a cos x + b sin x) 
+B a (a cos x + b sin x) 
cos x =A (a cos x + b sin x) 
+ B(-asinx + 5 cos x) 
> cos x = (da + Bb) cos x + (4b ~ Ba) sin x 
Comparing the coefficients of sin x and cos x on both sides, 
we get 
1 =da+ Bb, 0=Ab-Ba 
Solving these we get 
a b 


Now, 
i cos x de 
acosx+bsinx 
es palaces tbsins) +(Casin sede), 
- acosx+bsinx 


. A fees B [25x + bos x 
acosx+bsinx 


Ax + B log (a cos x + b sin x) 
ax, blog (acos x + sin x) 
fs a ee en 
+h e+e 
ax + b log (a cos x + bsin x) 
7 a+h 
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EXERCISE 6.7 
Integrate : 
sin x sinx 
1. Bsin x +cosx "sin x-cosx 
1 1 
3 Ty3tane 4 Te btanx 
2sin x +3 cos x 
5. 3sinx +4 cos x 
ANSWERS 
EXERCISE 6.7 


3 


1 BP x— Fog (Jasin x+ cos x) 


2 $+ Fog (sin x cos x) 


4x 3 ‘. 
3. 35 t 7s 08 (4 008 x +3sin x) 


a b ‘ 
Fa Bt ape los (a 008+ bsin x) 
5. +E Gsin z+ 40082) 


7 


Integration of Irrational Functions 


7.1 To evaluate the integrals of the type Frost = 
x a x -a@ 


5 dx 
la -x? 

@ a Put x=atan@ 
pata de =a sec? @ a0 
asec’ 6 d8 

I= 
f a’ tan? @+a" 
= [secede 
= log (sec 6 + tan 6) 
= log {i+ tan? 6 + tang} 
z 
= oe hes 3 
V @ oa 
= log {x+ Vi? +a*} -loga 
= log {x+ Vx? +a"} leaving —~ log a, it being 
a constant. 

(ii) I= a Put x =asecO 

noe © de =a sec @ tan 0 dO 
1= f asec @ tan 8 de 
a’ sec’ @-a" 
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= log (sec @ + tan @) 


= og (000+ fe" 0=1) 


7 
= mee FE -1) 
a a 
= log (x+ Vx? -a*) -log a 
= log(x+Vx?—a") ; leaving — log a, it being 


constant. 
Gi) I= f. ae Put x=asin@ 
Na? x? 
: de =acos 0d 
p= 290800 
¥a@ -a’ sin? @ 
= [0 =0=sin"' = 
a 
SUITABLE SUBSTITUTIONS 
7.2 Form of Expression Suitable Substitution 
I @-x 
2 #-@ 
ag-x 
3 Tae 
4, 2 x =a cos 20 
atx 
5. ¥2ar-x? a (1 ~ cos 8) 
Example 1. Evaluate f & 
pees v9+4x7” 
Solution : 
a& 1 d& 
I= => 
: M+4x? 2 J 
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Example 2. Evaluate f fd 
: Va-x" 


Solution : 
1= [F*& Put xt =r 
pe 2x de = dt 
raat 
1 a 
I= xh iF 
1 dt 
=} pe 
2 
= isin = $sin" (£) 
latx 
Example 3. Evaluate Gas de. 
Solution : 
re fea Put x =acos 0 
. de =-asin@d0 
t= f wesesd (asin 8) do 
os 1 8 6 do 
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~2a feos? 240 
2 


=-a J(i+cos 6) ao 
= -a(6+sin 6) 


a& 
Example 4, Evaluate . 
D i= 
Solution : 


hee 


=[- a Put et =s 
le -] 
. -e* de =dt 
dt 


T=- 


Ve -1 
= -logl++ VF -1] 
= -logle*+Ve™o1] 
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EXERCISE 7.1 
Integrate : 
1 : 2 74 
4-937 4x? 1 
3 3x? a tt 1 
* Yo-16x° ’ Veal 
zx mes 
l+x 1 ; 
77008" 
sec? x sinx 
i Yeon? x+4 Treaty 
sin x e 
* 4 cos? x-1 ~ 4s et 
1 i 22 
ANSWERS 


. EXERCISE 7.1 
1. fsin" (2) 
2. boa[x+ fet] 
3. i sin (#2) 


4. yx -1 + log [x4 Ve +1] 
5. sin’ x+VI-x? 


6. tos{sin + sin aa 


1 log (tan x+ytan? 


Integral Calculus 
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8. ~log [cos x + J4+ 605" x | 
9. ~ log [2c0s.x+ JA cos x-1] 


10. log[e* +fare™] 
Il. 2logle% +ve*-1] 


12, 2sin (<) 
2 
7.2 To evaluate the integrals of the form —— . 
Vax? + xt 
Method. We express Vax? +hx+c in the form VX? +A 


or VX? - A? or VA? —X? where X is a linear function of x and A 


is a constant. Then using cor:esponding formulae derived in article 
7.1, we evaluate the given in‘egral. 


Example 1. Evaluate —— 
~4x-2x 


Solution : 
= [| -“_ 
VI-4x-2x? 


a& 


se a 


a&k 


1 
“aT : 
3 +2x) 
1 a& 
-35 
e 145 -G? 42041) 


->> Putx+ 1 =r 


( } -en 2 de ode 


for) 
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+ 
73 To evaluate the integrals of the form [——2*= 4 dx. 


Vax? + bx+0 
Method. We write, 
pxt+q= uo@ +bx+c)+N 


where M and N are constants. Then equating the coefficients of the 
equal powers of x on both sides we find M and N. Now the given 
integral breaks up into two parts : 


f') 

vf@) 

assumes the form iS or raed which can be evaluated 
xt -x 


using results derived in article 7.1. 


First integral =f dx=2y f(x) and second integral 


Example 1. Evaluate {—— +8 


ps Oe, 
Vx? + 2x45 
Solution : 

Here, x+8 =u ie +2x+5)4N 
where M and WN are constants. 

x+8=M(2x+2)+N 

Equating the coefficients of equal powers of x on both sides, 

we get 
1=2M 
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and 8=2M+N 


1 
> =3 and N = 


69 


8-2-5 =8-1=7 


x+8 
I= |———« 
F x? 42x45 
F(2x+2)47 


7 Se emer < 


ad 
x? 42x45 Rarer 


tf 2x+2 de47 
va 
1, 


Put @+2x+5 = 
(2x + 2) de = dt 


and =7 a 
: Ve +2r+5 


=7 de 

Vase? 
= Tog {(x++Vae+n +2} 
= Thog {(x+1)+ Vx? +2x45} 
t= Ve 42r+5 


+7[ log {(r+1)+ Ve +2x45}] 
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3. 


1. 


9. 


Integral Calculus 
EXERCISE 7.2 
Integrate : 
1 be gal 
x? 4x45 b Te aoe 
1 1 
VF =2545 2x? -x+2 
! 6 x+l 
Var8r-5e Vox ex-3 
eats 8 3x+1 
Vives . V5-2x-% 
od 10. 4xt5 
aoe ead 
ANSWERS 
EXERCISE 7.2 
tog[x-24 Ve 4545] 
tog [+14 Ve? +25] 


log e—14 VP 2845] 
Fen nC 


: 5 VBP +3 + Te bg [arse 22 a=3] 
. Neds S +3log fe +4 VP aes} 


-3V5—2x—x" -2 sin” al 
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9. wWe-x-1 +a a-1] 
10. 4Vxt +4x4+9 ~3log[(x+2)4Ve* +449] 


7.4 To evaluate the integrals of the type va? -x? dx, 
ve -a? de and Vx? +a dx. 
@ T= Va? x ax Put x=asin@ 
“dx =acos 0 d0 


1 = [ya —a? sin? @ -acos 6.d0 


= @ [cos* ode 


2 fo cos? d0 
= F Pees 


2 
=< |(t-+cos20) do 
» £0,229] 
eae 2 

# 
= J [O+sin 8 cos 6] 


" 
(& 
ry 
5 
Sik 
+ 
Is 
T 
1% 
oes 


en ae tha? sin = 
2 2 a 
(ii) 1= VP =a" de 
eae 
I q 
Integrating by parts 
= Ve =a? -x- fe -a) 2x. xde 
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Bae - fae 


x-d 


og 
ee fetta 
Ve-a 


=x Vena - fr =a de-a? naar 
= xVP aa? - 1a? loglx+ VF -a | 
=x Ve -a? -a? loglx+Ve—a'] 
[= VE aa fa togles Vira") 
(iii) r= [Ve +a? de 


Integrating by parts 
Vera: xf (xt 4a’)? -2x-xde 


=xVP 4a? - f 


ae 
_ Ave - (epee +a)-a 


Ve+a 
eee es 
a xVPea —1+a logls+Ve +a] 

Pe ee ET ee er 
= hai ra +5? log ler Ve re") 
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2 
Example 1. Evaluate = 
xt 


Solution : 
r= [SB xv4l 


vx? +3 
_ (6 +3)-2 4 


V43 
ie +3 ae- 2 
SxVe 43 +3 toglx+ Va 3] 
-2loglx+ VF +3] 
pe ~H log (s+ +3) 
_ ave? +3 log (x4 ve +3) 
2 


Example 2. Evaluate fi2-3e dx. 
Solution : 


1= fy2-3x" de 
= 3 jf, Saat di 


74 


10. 
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EXERCISE 7.3 
Integrate : 


V9-4x2 2 Vx -4 


V4=252 4. secx tan xVtan?x-4 
sec x tan xvsec? x +1 6. sin xycos? x—4 
cos x\/4—sin® x 8 x V4—x* 
. ete +1 10. ve"—e* 
ANSWERS 
EXERCISE 7.3 


. p20 P 4 -20g (c+ VF 4) 


px Vi-2se +2 sin (%) 


i: ae fect x43 +3 tog[sec x+ Voee"x+3] 
t psec xVecTx+1 +5 log [seo x+ Vise e+] 
4 -[ eos x eas =4 ~210g fos + east —4}] 


53 Va sin? +2sin (#22) 
> 
[he V4—x° +2sin" z 


ze ve™ +1 +H togLet +e a1] 
ze ver +i — Hog Ler + Ve" =1] 
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7.5 To evaluate an integral of the type f lax? + bx +c dx. 


Method. We transform vax? +x +c into either of the possible 


forms VA? +X? or VA? —X? or VX?- A? where X is a linear 
expression of x and A is a constant. 


Example 1. Evaluate f5-4x-# de: 


Solution : 
Here, 
5 -4x-22 =5- (4x +2) 
=5-(4x+2+4-4) 
=5+4-(¢ + 4x4 4) 


=9-(@+2p 
2 fW5-4x-2 a 
= fV9- (+2) de Put x+2=1 
: dk = dt 
= fio-@ ar 
= fW¥-P a 
= hom +1.9-sin (4) 
2 2 3 


x+2 7.9 in (222) 
= ** Yo-(x42) +2 = 
2 (x +2) +5 SiS 
= 242 era 2 sin (222) 
2 2 3 
7.6 To evaluate an integral of the type f(ex+q) 
lax? + bx +0 dx. 


Method. We break up (px + ) into two parts in one of which 
there is the differential coefficient of ax? + bx + c and the other a 
constant. Then the given integral can be easily evaluated. 


6 Integral Calculus 
Example 1. Evaluate fex-5) V24+3x-x7 de. 
Solution : 
Here Z£431-1)=3-2 
T= [x-5)V243x-2 dx 
= ~ (6-20) 2432-4 dx 
= ~[G-2x) J243x-0 de 


-2 fi243x—2 de 
=]+l, (say) 
1, = J(Q-2x) (2+3x-27 de 
Put 2+3x-x = 
GB - 2x) de =dt 
1, =- eat 
=~ 2p 
= 2043-2)" 
and I,=-2 24+3x-x? de 
=-2 2-(x' 3142-2) de 
9 a] 
= -2 ff2+=-[x-= 
Nera (: a) 
7 
-=H2) 3) « 
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esr ey 


"2 


3 Lax +3)" +5 4 fae + og p+ Ee] 


- 2A +Zan(4=?)| 


vi7 


ra1+h 


EXERCISE 7.4 

Integrate : 
VP =x41 2. Gx-2)VF 4x41 
ViS-2x-2 4. (2x+IV5—4x—2? 
V3-2x-2e* 6. (x4 V2x7 +3 
V5+4x-2 8. (2x+1)Vx? 2x45 
evel 10. (x+IV8 =x41 

ANSWERS 

EXERCISE 7.4 


ao xt a-xtl4e + hog |= L +e =x} 


o 
i Lge ee revi Biog| Es 22) «| 


NB 
1 -a(xel 
Hosnvis-aee +16 sin =) 
23-42-29" -3[ (eee +9 sin" (2)) 


ill +A Eaa Be ofan ( 2] 


3 
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1 5-25 +9sin'(252) 
8 F(a +2e45)"" 224 xP + 2x45 

log x+1+ Vx? 42x45] 
9. [AVP -L og? +=] 


10. Flee -10r+ WP =x41 
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Integration by Partial Fractions 


8.1 A fraction of the form 


where ,, @,,..., a, and b,, 6,,..., b, are constants and m, n are 
positive integers is called a rational algebraic fraction. 

To integrate such fractions, we break them into partial fractions, 
for which we must remember the following points : 

(1) The degree of the numerator of the given fraction should 
be less than the degree of the denominator of the given fraction. If 
it is not so, then it must be done by division. Such a form of 
fraction is called Proper Fraction. 

(2) The terms of degree 2 or more in the denominator of the 
fraction should be resolved into possible real linear factors. 

8.2 Methods of breaking a fraction into partial fraction 

(1) When the denominator is the product of only linear factors : 

Then 
fx) -4,8,¢, Dd 
(x+a)(x+b)(x+cex+d) xt+a x+b x+e xtd 

(2) When there is a repetition of a linear factor in the 

denominator : Then 


f%) 4A, A A B 


= eas + 
(x+a) (x+b) x+a (x+a)’ (x+a)’ x+b 
(3) When the denominator contains a biquadratic factor : Then 
f&) Bx+C 


Giad(e+h) xta veh 
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(4) When there is a repetition of a quadratic factor in the 
denominator : Then 
f(x) ~AR+B, C+D | E 
(2 4°) (e+) ved (24a) x+b 
ILLUSTRATIVE EXAMPLES 


Case I, When the denominator contains non-repeated linear factors 
only. 


Example 1. Evaluate leases" 


Solution : 
es A,B iC 
ai SeNG-DGsS a1 e-3 a0 
> 2 =A (e-2) (+3) + Bet 1) +3) 
“+C@+1I@-2 


Put x = —1, we get As-3 


Put x = 2, we get B=4 


9 
Put x = -3, we get C= 


: x 
a ed 
Sea0G-DeD 
uk: feet re oe 
© 6%x+l 1S ?x-2 10? x43 


1 4 9 
= ~ log (x41) += log (x—2)+ 5 log (x +3) 


x +1 
I—— ax. 
Example 2. Evaluate RS 
Solution : 
+l _x-142_), 2 1, 2 
e-10 x -1 2-1 (x- De +1) 


Integration by Partial Fractions 


1 


wn = 


ee eee aa 
(x- DG+D — -1 x41 
i +1)+B(x- 1) 


Let 


Putx = 1, we get A=1 
Put x =-I, we eet B=! 


fete = (+ 4-h)« 


=x + log (x - 1) - log( x + 1) 


EXERCISE 8.1 
Integrate : 
3x 2 1 
(x-2)(x+1) * (2x4 D(x4+D 
1 
' GDG-2 “ G-0@=4) 
1 xe 
x pees 
(2 -a@?)(e -8*) 8 Ga4 
etet3 in 
* (x-2)(x4+D x +7x412 
x43 x 
* x -3x 2 (Gee) 
ANSWERS 
EXERCISE 8.1 


« 2 log (x — 2) + log «+ 1) 
. log (2x + 1) - log (x + 1) 
. log (x — 1) + 2 log (x - 2) 


i — Hog (x= 4 log 2-2) + tog (x2) 
. log x — log (1 - x) 
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5 
6. ie (# =) 
x 


1 jgg xia? 
Ua -B) er -F 


8. 5 log (x — 1) tog (x +3) 


9. x+3 log (x-2)-log (x +1) 
10. oe log (x +3) + 64 log (x +4) 


mr = +B pg 28 
7 ah en 
Wy 1 4 
. 5 tan“ x-—= tan (xV/3) 
Meg w3 
Case II. When there is a repetition of a linear factor in the 
denominator. 


2 
Example 1. Evaluate [—*~! _ 
eer ee ease 
Solution : 
x4 A B Cc 
= + + 
(x41 (x-2) x41 (x41)? x-2 
xe+l=A(et 1) (-2) 
+B(x-2)+C@+IP . (1) 


Put x =I, we get 


wae 
ee 
Put x = 2, we get 
a 
reo) 
Equating the coefficients of x? on both sides, we get 
1=A+C 
> A=1-C 


> 
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Thus, 
x +l 
p_~ +t 
\GaFecn 
ae Gene bras | Se 
= = [J de-= [ar 2 ft 
9 yal ery Slea 


= $ tog (x-0+2 Sati (loetx-2) 


EXERCISE 8.2 
Integrate : 
x 3x+1 
* GaG-2 > GG 
xe] 1 
* (+1) (x-2) . xx? -x4l 
ae ee peer Ae 
& Go G+2) ® GG) 
ANSWERS 
EXERCISE 8.2 


1 x-2 
|. ——+log —— 
rT lero 
1 1 1, x41 
. te 
(x-1"  2(r-1) 4 


5 4 ad 2.5 
3. py ee +D-S G+ +z Gen +5 lop (x-2) 


als 1 
x¥2 241) 


6. log —— 


Case III. When the denominator contains a non-repeated 
quadratic factor. 
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& 
Example 1. Evaluate line 
Solution : 
— 
l+x+x7(1+x) 


- {-—*_ 
© H1+x)(142) 
1 A, Bx+C 
i (ose) er ee 
a 1=A(1+x)+(Bx+C)(1 +x) .. (I) 
In (1) Put x = -1, we get 
1 


2 
Again (1) can be written as 
l= (4+B)+xB+O+A4+Q) 
Equating the coefficients of equal powers of x on both sides, 
we get 


A+B=0>8=-A=-2 


B+C=0 
1 1 
As Cale CeledAnl= 5 a5 
jf—*®— -lj#-lpotla 
(l+x)(l4x?) ~ 27 1+x 27 l4e? 
1 1 (2xde 1 1 
= shetl+s-2 fata hae 


= Flog (r+ =< og (142°) 43 tant 
EXERCISE 8.3 
Integrate : 
1 i 2 x=l 
* (x-DG? +4) "(xe DOP +0) 
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2 


x 1 
Gre +a) “TP 

1 x 

& Gaps) & Gow sD 
1 
7 G4 Dy) 
ANSWERS 
EXERCISE 8.3 


1 1 5 Peifx 
1. $/ tog -4- tog (x +4)- tan ()] 


2. 


~log (24+ tog +1) 


1 1 | emer 
3. aril tonte+ 8) Ling Ce) +2 tn 2] 


1 1 2 1 2x41 
tog (1x) +4 tog (1 ze 
455 log ( +e log ( sete) +e tan i 
(Pa Te a 
5. log (x+1) 256i qos (x +1) 
1 
6. 5 loa x-)-t Sara +1) 


1B log x—3 tog (2 +1) 


Case IV. Integration of fractions by partial fractions after using 
substitution method. 


cos x 
1, Evaluate |-——————____ dx. 
Example 1. Evaluate f (sin x)(2+sin.x) 
Solution : 
'= ane. edna) Snxint 
( M cos dx = dt 


5 dt 
= Gen 
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= (o-ay)e [resolving into partial 
+t 240 . 
fractions] 
i a 
~ bet 7248 
= log (1 + 4) - log (2 + 8) 
is (#4) 
ea CET 
wi l+sinx 
= 108 | 2 ¢sinx 
Example 2. Evaluate iauced 7 
i 
Solution : 
1+sin x 
oe fasqsess) 
ad& a& 
=— + | 
sin x(I+cosx) /1+cosx 
sin x de 1 2% 
63 [2 See Zac 
Fares e0ss)*2 fees 
x 
f sinx de Pe Was 
(1-cos?x)(1+cosx) 2 1 
2 
sin xd x 
= [——— + nS 
Kixeosn)* (10083) 2 
= 1, +tan~ 
2 
Now, = eS Put cosx=t 
(1+ 608 2)'( ~ 0s x) 2. -sin x de =dt 
dt 
1, =-f 


(+0 (1-8) 
dt 


: or 
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1 
= h-a ae Taal 
[resolving the integrand into partial fractions) 


1 1 
= ~q load +i+ +7 log (r—1) 


=a 
2(t+D 
eal a : 
= g 108 (cos x +1) += (cos x +1) 
+} log(c0s x1) 
Is ~7 le c08-+1)+ 5 (cos x1)" 
Re a 
Example 3. Evaluate — 
Solution : 


ie Phd 


1 
i= fom 


-{, Put xt =r 
rw * eae d 
wilde 
dt n 
a Siar 
1 dt 
“ah Sen 
ifl 4 ce . 
= es (breaking into partial 
fractions) 


[ log # -1og (+ +1)] 
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Example 4. Integrate Fal wrt.x. 


ve 
Solution : 
dk 
us ie | 
ede 
sieteco So 
e dx =dt 
at 
t= le 
= [breaking the integrand 
into partial fractions] 
= log (t-1)-logt 
t-1 
° ee t 
= ia =) 
e 
EXERCISE 8.4 
Integrate : 
1 1 
1. Ginx(3+2.c08 x) 2. Cos x(I+sin x) 
sec x 1-cos x 
Se es 4s eee 
1+cosec x cos x(1+cos x) 
5 1 6 sec? x 
* sin x+sin 2x * (tan x+1)(tan x +2) 
2a Peele 
* x? +1) (= 
9. _ 10. : 
* Ge" -1) etl 
i ic 
* x(x +1) * (4a? )(x? +5) 


Integration by Partial Fractions 


ANSWERS 
EXERCISE 8.4 


1 
q lo I+sinx 2 
7 4 e Tsinx 1+sin x 


if I+sin x = 
3. Z| log ——— + 


I-sinx I+sinx 


7 98(1~c082)- 1 log (1+ 008 2)+2 1og(3 +208 x) 


4. log (see x+ tan x)—2 tan = 


5. 5 108(1-+008.) + L10g (1 cos x) tg (+2082) 


1+ tan x 
log) — 2 * 
& eas) 


1 1 I 2 
2 Wea Bey 2 +1)+logx 
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Integration of Transcendental 
Functions 


9.1 The functions which are not algebraic are called Transcendental 
Functions. They include Trigonometric Functions, Exponential 
Functions, Logarithmic Functions and Hyperbolic Functions, 
etc. 


9.2 To evaluate fein" xdx or feos x dx when n is an odd +ve 
integer. 
Method. 
(i) When the index of sin x is an odd +ve integer, 
Put cos x =f 
(ii) When the index of cos x is an odd +ve integer, 
Put sinx =¢ 
Example 1. Evaluate Joins de- 
Solution : 


= Jsinxde 
= J sin?xsin xde 
= f(1-cos* x)sinxde Put cos x =1 
*. -sin x dx = dt 


T= f(i-P)ar 
= fe -i)ar 
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Pe 
=>-t 
3 
cos? x 
= eos 
Example 2. Evaluate feos? x dx. 
Solution : 
I= feos? xde 


= feos? x-cos x dx 


= f(1-sin? x) cos x de Put sinx = 
+. 0s x dx = dt 


T= fQl-?)a 


9.3 To evaluate foin* xdx or feos? xdx when nis a+ ve even 
integer. 
Method. We express sin" x or cos" x in a series of cosines of 
multiple angles of x by using the formulae 


‘ 1~cos 2x 1+ cos 2x 
sin? x = sear reat and cos? x = ar ra 


and then integrate term by term. 
Example 3. Evaluate foin* edo. 
Solution : 
I= fsin‘ 0d0 
= [(sin® 0)’ ao 


2 
a (22) 40 
2 
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= J; [1-205 20 + cos? 20] de 


 J[3-4c0s20 +c0s 46] 40 


" 


i 30 - 2sin 20+ in| 
8 4 
9.4 Toevaluate {sin™ x cos" x dx 
Method. 
(i) If m is an odd positive integer, then put cos x 
(ii) If n is an odd positive integer, then put sin x = ¢. 
(iii) If @m + n) is an even negative integer, put tan x = ¢. 


Example 4. Evaluate fsio? x cos* x dx. 
Solution : 
1= fain? x c0s* x de 
= fsin? x cos* x-sin xd 
= |(1-cos* x) cos? xsinxde Put cos x =1 
“~sin x de = dt 
r=-fi-f)Pa 


cos’ x cos? x 
5 3 
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d& 
Example 5. Evaluate law 
Solution : 
ad 
= f .) + Here 
sin’ x cos x 
m+n=-8, 
7 an even —ve integer 
sec x eer 
= J 7) [Dividing numerator & 
tan’ x : 
denominator of the 
integrand by cos* x] 
x pe xsec? x dr 
tan? x 
2.P 2 
= jeans) see eae py ne =r 
x 
+. sec? x dx = dt 
2 
I= jes bat 
7 3 +344 ae 
= {s+ +2ea)a 
t t 
1 tan‘ x 3 tan? x 
= er res Bial 4 +3 log tan x+ 2 
EXERCISE 9.1 
Integrate : 
1, sin’ x 2. cos’ x 
3. cost x 4, sin’ x 
5. sin’ x cost x 6. sin® x cos’ x 
2 
7. sin) xcos’ x 8. sin’ x cos? x 
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- 
9. sin? x cos? x 10. sin’ x cos? x 
Il. sec x tan’ x 12. sin’ x cos? 2x 
1 sin? x 
3. 14, 7 
sin? xcos* x cos x 
2 2 
15. sec’ xcosec* x 
ANSWERS 
EXERCISE 9.1 


2 hos? x— cost 
+ 008 x-+5 ¢0s) x— = cos" x 


3 


‘ Og aa 1, 
sin x —sin’ x+gsin xoz sin’ x 


sin 4x 


. [ 3x+2sin2e +224] 
8 4 


1 


. pylon —“E sin a+ 3 sin 4x2 sin :| 
2 2 6 


32 


5. -[ boos x—2 cos x+ Leo's] 
a 9 


5 

| sin? x3 sin’ x43 sin’ x1 sin’ x 
3 5 9 
% % 


oo 


EJpr 
sin’ 
} 


3. 
x-—sin 
Ih 


Integration of Transcendental Functions 
4 
12. — cos x + 208" x cos’ x += 008? x 
3 5 7 


13. cot x + 2tan x5 tan? x 


tan’ x 
3 
1 
15, -4cot* x 
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Definite Integrals 


10.1 rt F(x)=f(@), then 
[f@ac= FC) 
[fae or F(x) is called an indefinite integral or an 
antiderivative of f(x). 
Also [4 dx is called the definite integral of f(x) between 
the limits @ and 5 and is given by 
[7s @de=[F WI} =F@)-F@ 


Here a is called the lower limit of integration and 6 is called 
the upper limit of integration. The interval [a, 5] is called the range 
of integration. 


1d 
Example 1. Evaluate lear oa 
1-x? 


Solution : 
Hood 


in“' (1) sin“ (0)=2-0=2 
sin"! (1) -sin' (0) 2 0 2 


a.) 
Example 2. Evaluate porte 
+x 


Definite Integrals 


Solution : (tan y 
tan” 
T= [Sa Put tan! x =1 
1+x' : 
“ya zat 
1+x' 
When x = 0, then 
t=tan'0=0 
When x = 1, then 
tetart}=2 
4 
T= fie at 
ey 
-l5), 
a Le 
192 192 
Example 3. Evaluate { ere 
OYy2-x 
Solution : 
2 /2+x 
T= bay 


Put x =2 cos 20 


dx =—-4 sin 26 dd 


When x = 0, 2 cos 26 = 0 


cos 28 =0 = cos 


bs 
=> 
bs 
o=% 
When x = 2, then 
2 cos 20 =2 
cos 20 = 1 = cos 0 
20 =0 


@=0 
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is = F(A sin 20) dO 


Gaya 
1+cos20 .. 

4 -sin 20 
Nt e0s 20 37204? 
af 2cos"@ 2205? sin 0 cos 040 

4\ 2sin?O 


2 ca tt 2 
=-8 fies 0do=-4 f,2008 odo 


=-4 mc + cos 26) d0 


. [0-22] 
-4{o+0-(2+4)| 
= 4(Z+t)-x02 


Example 4. Evaluate [SSE ae 
Solution = 
a posse de 
M, x 
Put log x =t 


sae =dt 
slog > 5 
le f cos t dt 
When x = 1,6 = log 1 =0 


= (sins) 
in log 3 - sin 0 
= sin log 3 - 0 = sin log 3 
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EXERCISE 10.1 


Evaluate : 
% 
1 i sec x tan x 2. 
3 [i x00s.xde 4. 
5. ffcos? x de 6. 
% COSX 
——«& 
™ 3+sinx bs 
9, [Mtan? x de 10. 
¥ 2 
i. cosec’ x dx 12, 
fy 
sin tan”! x 
3. [7 14. 
4x sin’ x 


8. RS 


17. (cos(x+2) a 18, 


19. eed dx 20. 


dx 16. 


3 dx 

Nx 
[2sin’ xde 
o 


[cost xde 


‘ ie -x) de 


[isiv xde 


f sec? 2x de 


xf@ -x 
ie * 


lig cos x dx 
© (1+sin x)(2+sin x) 


ff xsin? xdx 


L (xe ne +b*) 


ANSWERS 
EXERCISE 10.1 
1. 2-1 2. log 3 
T 2 
. ad . = 
39 a3 
3n 
5.0 6. 
1 sah) re 
log | 2+ 2¥3 2 
i + [ie( 3 ay 


100 
ud 2 
9, = 10. 3 
1 
I. -2 12. ri 
13.1 14, @? =) 
4 
| T 4 
ae 2 
15. 2 ID 16. toe, ( ) 
1 r 
17, l--—= =_— 
ii mtd 
Sn uJ 
19. : 20. 2(a+6) 


10.2 Properties of Definite Integrals 
Property I 


[s@a = frou 
Proof 
Let ['fQde = FQ) +e 
Then [f@ae = [FG) +c]? 


= [F(6)+c]-[F(a) +c] 
= F(b) —- F(a) 
Similarly 


[.f@a =F) -F@ 
Property II 

[redde = -[ par 
Proof 


RHS. =- f f(x) de 


= -[FQ) +e]; 
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Definite Integrals 
= F (6) - F(a) 
= [s@ae 


Hence Proved 
Property III 


Preda = [y@ddes [prac 


where a<c<b 


Proof 
RHS. = [ f(ddr+ ff) de 
=[F@s+cE+[FW+cl 
= F(c) - F(a) + F(b) - F(o) 
= F(b) - F(a) 
= [r@ac 
Hence Proved 
Property IV 
[[s@ar = [f(a-x)de 
Proof 
Let Is [f(@-x)ae 
Put a-x=1 
- de = dt 
dx =- at 


When x =0,f=a-O=a 


Is -Lf@d 
= [ra by I 


=[[s@d byl 
= LHS. Hence Proved 
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Property V 
[lt @ac =2 [7® if f(x) is an even function of x. 
ie. S-%) =f) 
=0 if f(x) is an odd function of x. 
ie. S(-x) =-f@) 
Proof 
Since -a<O<a 
[lsd = PpGaes [podar by Il 
In First integral put x = —f 
dx =—dt 
when x =- a, f= a, 
when x = 0,6=0 
=- [soa fp Wa 
= Lena [1 @ae by I 
= [[f-vades [far by! 
@ = [s@ac+ [fae 
when f(x) is an even function of x 
=2['s@ar 
and (ii) =~ [fodder [fae 
when f(x) is an odd function of x 
=0 Hence Proved 
Property VI 
fP sOdae = 2 sae if fa - x) =f) 


if (2a - x) =~ f@) 
=0 
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Proof 
Since 0 < a < 2a 
0 20 
Predae = [der fP sdac by Ill 
In second integral, 
put x=2a-y 
dx =— dy 

when x = a, y=a@ 
when x = 2a, y=0 

.. Given integral 

= [s@ar- Pf Qa-y) dy 


= [slddes ff (2a-y) dy by Il 


= [[fOdde+ ff Qa-x) de by! 
@ = [f@des Ppa 
iff Qa-x) =f) 
= 20 fa 
and (ii) = [s@)de+ [sae 
=0 if f (a - x) = -f (x) 


Example 1. Prove that 


flog sin x de = (0g cos xde=—¥ tog, 2 


t i 
= =log,— 
25° 2. 
Solution : 
1= [log sin x de (I) 
or, j= (tog sin (3-z)a by IV 


or, T= a log cos x dx a (2) 
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Adding (1) and (2), we get 
a= flog sin xde+ [710g cos x de 


= J? (og sin x-+ log cos x) de 
= [7 (og sin x + log cos x + log 2 — log 2) dx 
= [i108 (2sin xe0s x) de~ [log 2 ax 


= (og sin 2x de ~log 2 fae 


In first integral, 
put 2x =8 
2 de =d0 
_ do 
<2 


when x = 0,6=0 


when x= 2, 0=7 


21 = [tog sin dO ~ tog 22% 
Ln [ine ci x 
. 7° 2{ log sin @ a0 - (log 2)-5 by VI 
[sin (x - 0) =sin 0] 
7 [f'tog sin x ax tog 2 byl 
x 
= 1-2 og2 
28 
nr 
2-1 = -=og2 
3 (oe 
I= ~F log, 2 
< F (lo8, 1-log, 2) [- log, 1 = 0) 


x 
= = log, (1/2) 
7 1B. 
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Example 2. Prove that 
fp sin *: 
° sin x + Jcos x 


Solution : 


I= ii sin x & 
0 sin x + Joos x 


or 


vA cos x 
= |? —« 
" ‘ if qfoos x + sin x 
Adding (1) and (2), we get 
4, Asin x 
a= [?——— 
i ysin x + Jcos x . 


Aiae= or 
Fayed 
=% 
re 
oo 
Example 3. Evaluate (Ae 
+cos x 
Solution : 
2 ii xsinx 
0 1+ cos? x 


ala 


105 


w= (1) 


dz by (IV) 


ws (2) 


_ 


a (I) 


106 
Using IV, 
7 p@easin(n~ a) 
© 1 1+¢0s? (x - x) 
oe p= peasins x)sinx 4 
1+ cos? x 
Adding (1) and (2), we get 
x(x+-x)sinx 
u=f 1+ cos? x 


x sinx 
=nf 7 
1+cos* x 
Put 


Integral Calculus 


cosx =f 


— sin x de =dt 


sin x de =—dt 


+ (2) 


when x = 0,¢=cosO=1 
when x = 7, f= cos m=- 1 


1 dt 
a= ~af 1+? 


dt 
=f 


1 dt 
ad See 


by Il 


by V 


integrand is an even function of ¢ 


= 2n(tan'), 
= 2n(tan“'1 -tan“'0) 


" 
y 
a 

— 

ala 

fl 

° 
Neca 

w 
n|A, 


Example 4. Show that 
[tog (1 + tan 0) d0 = log, 2. 
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Solution : 
T= [tog (1+ tan 8) 40 aa) 
Using IV 
® 
I= [to {1+an(¥-0)} 40 
tan — — tan 6 
= [i108 1+ 4 = d8 
1+ tan — tan® 
4 
% 1-tan@ 
dl 
f efit 3 
A 2 
= fk dl 
if 0e( en) 
= [tog2.d0- [tog (1+ tan 8)d8 
nT 
=i =|- 
won 
or, 21 = $1082 
or, 1 =F log,2 
EXERCISE 10.2 
Evaluate : 
%  sinx dk 2 ie cot x 
0 sin x + cos x A cot x + Jtan x 
% de Hy de 
= Serre . i 1+ cot x 
5. [log tan x dx 6. [isin? xdx 


1. [foos? x de 


108 


Fad 


2 


13. 


15. 


Integral Calculus 


ff sin? 0 (1+2.cos 8) (1+ cos 6)* 8 
f£ x tan x dr at ig sin? x dx 


° secx + tan x sin x +cos x 
° 1) & slog (1+ x) 
Dee(2+2) m [ae 
a x xdx 
Wreatee Paws ® 4h Tyeosasinx 
¥%4 x sin x cos x dx 
© sin’ x + cos* x 
ANSWERS 
EXERCISE 10.2 

= Sa 
4 2. 4 
Ls 4,2 
4 “4 
0 6. 7 

<3 
0 a 5 

+4 


10. Jz oe (2 +1) 


x 
. log, 2 
12. 8 8. 


14. x @ cosec a 


10.3 Definition of a definite integral as the limit of a sum 


If f (x) is a continuous and single valued function of x in the 


closed interval [a, 5] than 


Lt, .oh[ f(a)+ f(a+h) f(a+2h)+..+ f(a+n=1h)] 
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where nh = b — ais called the definite integral of f (x) between the 
‘ 
limits a and 6 and is written asf) f(x) dx. 


Note 1. The above method of evaluating [° f(x) dx 
ie. [f@)ar= Lt, .o[f(a) + f(a +h) + f(a + 2h) + 
wt f(a-n-ih)] 
where nh = b-a 
is called the integration by summation or integration from 
definition as the limit of a sum or integration from first principles 
or integration ab-initio. 
Note 2. Proceed to limit as h -> 0 only after putting nh = 
b-a. 
Note 3. Sum of first » natural numbers 


= 1424344n= 22) 


Sum of first (7 — 1) natural numbers 


= 14243404 (n=) 
Note 4. Sum of the squares of first natural numbers 
SP+PePtite 
(n+1)(2n+1) 
6 
Sum of the squares of first (n - 1) natural numbers 
n(n-1)(2n-1) 
eo 
Note 5. Sum of the cubes of first m natural numbers 


2 
= PHP ade +e [seen] 
on 2 


Sum of the subes of first (” - 1) natural numbers 


ie. = Paar sae eniy [Mead] 
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Example 1. Evaluate by definition of definite integral as the limit 
of a sum 


[irae 

Solution : 

. 
[Pac (Here f(x) = 2] 
= Lt. A[a? +(a-hy +(a+ 2ny 

+(a+3h)'+..+(a+n-1h) 
where nh = b-a 
= Lty gq h[na? +2ah {1+24+3+..+0=1} 
+h {r +P 4P 4+ (n=1)}] 
where nh = b-a 

= Lema + 2ann) 
+R nner) 


where nh = b-a 


(m—* 


+ nh (nh - hi) — 


where nh = b-a 
Lt, ..[(b-a) a? +(b-a)(b-a-h)a 


+3 (6-2)(6-a-#)(b-a-4) 


= Liso[nta! +nh (oh) 


= (b-a)a* +(6-a)' ax @-a) 


= 6-o)[e° +0-2)oe 222] 
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2438 2 
- 6-2) +8 ab ab~2 


_ (b-a)(a’ +8? +b) 
SS 


3 


EXERCISE 10.3 


Evaluate the following definite integrals by definition of a 
definite integral as the limit of sum : 


1. [xa 2. fet de 

3, [isin x de 4, feos x ds 
“1 1 

8. [5 6. (yee 

ANSWERS 
EXERCISE 103 

1. Lede 

3. cos a— cos b 4. sin b- sina 
ime 

& =-< 6. 2(vb- Va) 


10.4 Summation of Series 

The definition of definite integral as the limit of sum enables 
us to express the limits of sums of series of a certain type as 
definite integrals and thus evaluate them. 


112 
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We have seen that 


[sede = Ly. AL sad+ f(a+h)+ f(a+2h) 


tant f(atn—1h)] 
where nh = b-a@ 


= Ly .¢ Sf (a+ rh) 


where nh = b-a 
Now put a= 0 and b=1 


a ff O)de = Liy so Deaf (rh) 


where nh = 1-0 = 

ac 

=u... 547(2) 
fon” \n 


nh=1 
1 
> h=— 
n 
and hao 
> nao 


ie. ['f@)de= Lt. ¥+/(£) 


ro 
Comparing the two sides of the above result we infer that in 
order to write down the corresponding definite integral, replace 
hoe 
(i) 5 byx 
act 
(ii) 7 by dr 
and 


Gii) Lt, _.. by feign. 


The lower and upper limits of definite integral are the values 
of - for the first and the last term (when n > -, h — 0). 
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Note. In order that a series my be capable of being summed up 
by the above formula, it must possess the following 
properties : 


(i) It must be possible to write the terms in the form ! (2), 


so that —, which tends to zero, is a factor of every term 
and all the terms are the functions of the same variable 


Z, which form an A.P. whose common difference is 1. 


(ii) The number of terms should be 7m; but since each term 
tends to zero, the additions or omission of any finite 
number of terms will not change the required limit. 


Example 1. Find the limit when n — ©, of the series 
2 2 


1 n n 1 
=+ st stut—. 
n (n+l) (n+2) 8n 
Solution : 
2 2 
it |te apart 
n (n+l) (n+2) 8n 
2 2 2 
alts. i 
(n+0) (n+l) (n+2) 


+ 


re ard 
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Example 2. Find the limit when n -» ~ of the series 
1 i 1 1 1 
+ $ — $$ tt. 
nontl nt+2 n+3 3n 
Solution : 
ty e[t+—e eet 
nont+l nt "a3 3n 
1 1 
tet 
a a 2 ntnj 


+ +t 
2n+2 2n+3 rll 


od 
— +L 
brow Sates 


720 


A dx A dx 
lex” O2+x 
= [log (1+ x)], + [log (2+ x)], 
= log 2 — log 1 + log 3 — log 2 
= log, 3 
Example 3. Prove that 


14 
Ls,.f{t All +Z)(0 + 5). (1 = = 20-0? 


Definite Integrals 1s 
2 2 2\ya 
1 2 3 
P= taa[(t+b)(1+2) 1+3)..(1+3)| 
3 v 
+ log lee +..4 log +3 


=Lt. 1 Sos(1+ 2) 


ro 


Solution : 


= [it-tog (142) de 
uot 


= [Kg(I +e)x], - [ora 


lo 


2 41)-1 
= log2-2 (UMN 


i 1 
= fog2-2 [1-1 a 
= log 2-2[x- tan" x], 
= log 2 - 2 [1 - tan 1] 
=log2-2+2tan' 1 


T 
= -24+2.% 
= log2-2+ 7 
n 
= log2-2+— 
8 9 
9 n-4 
é ES = == 22 
slog P — log 2 2 2 
Ss fog ns BES 
2° 2 
Poe 
=. Sigd 
> 2 e 
a4 
= P=2e? 
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Example 4. Apply the definition of a definite integral as the limit 


ty 
of a sum to evaluate u,.-(4) Ia, 
n 
Solution : 
7 
Let P= u,..(2)* 
n 
Ya 
Fa U4 (22 2) 
Ny My MosvoD 


log P = Lt, ,. {tog ++ tog? + tog +o op] 
n n n n n 


Igor 
Lt. ~ Vlog 2 
ne DIB 
fii-tog x de 
1 


= [log x- af, - [4 -xae 


" 


EXERCISE 10.4 
Find the limit when n — © of the series : 
1 1 1 1 


1, ap he 


+ tut 
n+l n+2 n+3 2n 


1,4 ,9 16 v 
2. giataigt ts 
3 ee Sere ore 
“(n+l (n+2)) 7 (nen) 


Rin eg n 
Pom eP ow +P a (n-1) 
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10. 


12, 


13, 


14, 


15, 


+ + tut 
(+3)? (n+6)? ” [n43(n—1)]? 

| ees Cees Sy A Rea) 2 
sec’ sec’ 


wr 


loon 
tout = 800? = 
now 


Evaluate 


. Pp 


Se) Spe per 


wa 
pair +n 


Evaluate 


Evaluate 
Sn 
metal 


Evaluate 


tf(ted)(2)O2f zy] 
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13. 


15. 
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ANSWERS 
EXERCISE 10.4 


2. 


> 
wie ala wl 


_ (2k)! 
* [ot (ei) 


10. > 


4. > 
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Reduction Formulae 


11.1 Definition 

A formula which connects an integral with another in which 
the integrand is of the same type, but is of lower degree or is 
otherwise easier to integrate, is called a Reduction Formula. 

Usually the reduction formula has to be used repeated to arrive 
at the integral of the given function. This method of integration is 
called Integration by successive reduction. 

Reduction formulae are usually obtained by the method of 
integration by parts and are useful when the integral cannot be 
otherwise immediately obtained. 


11.2. Reduction formula for fointx ax where n is a positive 
integer 
Let 1, = sin’ x de 
= foin’-' x sin x dx 
1 i 


Taking sin’~' as the first function and sin x as the second 
function and integrating by parts, 


= sin"~' x (-cos x) 
~ J(n=1)sin*-? x 008 x (- cos x) dx 
= -sin™"' xcosx+(n-1) fsin""? x cos? x de 
= -sin""'xcosx+(n-1) 
fsin’-? x (1- sin? x) de 
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= -sin"' xcos.x+(n=1) fsin"”? x de 
=(n=1) fin" x de 
=> (1+n=1) fain” xd 
= -sin""' xcos x +(n-1) faint? xe 


=n foin® x dx 


4 


-sin"~' x cos x +(n-1) foin” *xde 


fare wee 
ona sin""'xcosx n-le. ,_ 
= foin’xde = -2 ASE A sin? xe 
n n 


This is the required reduction formula. 


11.3 Reduction formula for foos*x dx where a is a positive 
integer 
Let i= feos xdx 
= foos’™' x cos x dx 
I it 
Taking cos"~' x as the first function and cos x as the second 
function and integrating by parts, 
oa 


- Jla=1) cost"? x-(—sin x)-sin x-de 


cos"*'-sin x +(n-1) Joos" 2 x-sin? x de 


cos"*'x-sin x +(n-1) 
Joost-? x-(1- cos? x) de 
= cos"*'x-sin x +(n-1) 
Joost"? x de ~(n-1) Joos" x dx 
> (14+n=1) fos" x de 
= cos""'xsinx +(n-1) Joost’? x dx 
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=n foos*xde = eee 

a cos”~ ‘xsinx | nal 

> Joos xd = ———— 2o feast *xdk 
n 


This is the required reduction formate, 
11.4 Walli’s Formula 


If n is a +ve integer then [sin xde = FPcost x ax has the 
value 


sn} if is odd 
31. ifnis even 
422 
Let 1, = [sin" x de 
= {Csi (¥ (3-) [Fae 
= [ff (a-x)de 
= (@ cos" x dx 
1 cin y [2 
cos” x sin x n-1% 
= | ———_ —_ dx 
[ssessns | 42 ft coe 
[using art. 11.2 
=> I, as  () 
Replacing n by n — 2, we get 
n-3 
Nia? qo he 2) 


Putting the value of /,_, from (2) in (1), we get 


eer 
rar eis 


L= 


.. (3) 
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Replace n by n - 4 in (1), we get 
4.223, (A) 
Putting the value of J,_, from (4) in (3), we get 


-4 a4 


Proceeding in this manner, we see that two cases arise : 
Case I. When nis odd, then 


11.5 Reduction formula for fian*x dx where n is a positive 
integer 
Let 1, = ian" x de 
= fan”? x tan? x de 


= fant"? x (sec? x1) de 
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= fant? x sec? x de ~ ftan"”? x dx 
Put tanx =f 
<.sec? x dx = dt 

= fer?ar = fran’? x de 


tan’ 

tan” x dx = 
7 j n-1 
This is the required reduction formula. 


= fant? x de 


11.6 Reduction formula for foot"x dx where n is a positive 
integer 
Let 1, = foot" xx 

= foot"? x-cot?x dx 

= foot"? x (cosec?x -1) de 

= foot”? x cosec?x dx — foot"? x ae 

Put cotx =1 
. — cosec? x dx = dt 
= ~ fer de - foot"? x de 
[sa 


= oa foot”? x de 


_cot"@! x 
n-1 
This is the required reduction formula. 


= foot" xax = ~ foot"“* x de 


11.7 Reduction formula for fsectx dx where n is a positive 
integer 
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Taking sec”-?x as the first finction and sec? x as the second 
function and integrating by parts, 


= sec"? x-tan x 
~ (n-2) sec”? x-sec x tan x- tan x dr 
= sec"™? x tan x-(n-2) fect * x tan? x de 
= sec"? x tan x -(n- 2) 
fsec" dx + (m2) fsec™™? x dx 
> (14-2) fect x dx 
= see"? xtan x +(n~2) foe"? x de 
> (n=1) fsec” x de 
= seo"? xtan x4 (m—2) fee"? x de 


no? 
sec"?xtanx n-2¢_,. 
——_——— + — fsec"? xde 


n-1 n-1 


> foec” xdx 
This is the required reduction formula. 
11.8 Reduction formula for Joosee"x dx where n is a positive 


integer 
Let L= foosec"x de 


Joosec””*x-cosec*x dr 
I i 
Taking cosec”~? x as the first function and cosec? x as the 
second function and integrating by parts, 
= cosec"”*x-(-cot x) 
2 fe ~ 2) cosec"”’x-{-cosec x cot x} -(~cot x) de 


= -cosec"”*x cot x-(n-2) Jeosec"“*x cot? x dy 


= ~cosec"~*x cot x-(n-2) 


Jeosec"“*x (cosec?x ~1) de 
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= —cosec"”*x cot x-(n- 2) feosec"x de 
+(n-2) foosec"™*x dr 
=> (I+n-2) Joosee"x ax 
= —cosec”*x cot x + (n-2) Joosec"“*x dx 
=> (n-1) Joosec"x dk 
= —cosec"”?x cot x +(n-2) Joosec”=*x dx 
> Joosec"x de 


m2. 
cosec”"*xcotx n-2 ae 
OE *x de 


n-l n-1 
This is the required reduction formula. 
ILLUSTRATIVE EXAMPLES 
Example 1. Evaluate 
Solution : We know that 


sin””' x cos x 
————— + 


an “S n-l pea? 
fsin’ xdk = 7 ; fain xdx 


Put n = 6, 4, 2 in succession, we get 


in? 
foin’ x ae = 208% 3 feint xe 
6 6 
in? 
fsint x de = 28 E808% 5 2 fein? x a 
4 4 
sin? x de = ~SRECOSE 4 1 fein? x de 
2 2 
sinxcosx | 1 
= tae 
2 2 
Hence, 
fsin® x de = 


in’ in? 
_ sin eos §| sn xcosx 3 Juin? xa 
6 6 4 4 
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=~ HMEOST 5. si x cos 5 fain? x de 

6 24 8 

_sin’xcosx 5 4 3] -snzeoss 4] 
2 2 

sin’xcosx 5 


= -—————- sin ? x08 x- sin xcos x + 5% 
6 24 16 16 


Example 2. Evaluate foos® x dr. 
Solution : We know that 


cos"”' x sin x gach 


6 
Put n = 6, 4, 2 in succession, we ee 


Joos" x de = 7 feos" *xde 


aoe 
fost de = SESE S fost de 


Joost x dx = sosiasin 3 Es = foos* xde 


cos x sin x 
2 
cosxsinx 1 

+ 


2 2 


Joos? xde 


+5 Joos! rd 


Hence, 
cos* x sin x 
6 
_ cos xsinx + 5[ soe xn x 
6 6 4 


W 


Joos’ x de 5 foost x dx 


+3 feos ra] 


cos! xsin x45 feos? x de 

24 8 
cosxsinx 5 4 |. 

= tg 008 x in x 


6 


$|[soszsins Al 
+= |S 
8 2 2 
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cossxsinx 5 4. 
= —— + Fos xsinx 
6 24 


+2cosxsinx+2 x 
16 16 
Example 3. Evaluate ["(a° + x* YP ae. 
Solution : 
Ps 2y2 
1= [{(@+2Viae Put x=atan@ 
. dx =a sec? @ dO 


1 


(Mer +a tan? 0)? -asec?@d0 


a (sec? ode 
0 


% 
{(eeiee) +3 Poa] 


lo 
[2v2 5% 
ad coir 


sec*@ as] 


ca [28 s{(serme)é 2 Phe eal 


wo [ESHA eel 


[28 = +3 ise 040| 


«oft 58.5 (eaomey, 1 facoa] 
L 3 12,8 2 


~o [2h aa, 5{8 21 5 {log (sec 0 + tan 0} xl] 


: 25838 a 


[3 12 16 16 
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_ 6[32V2, 2002 15V2_ 5 | 
-«| ast ag Tig EOR*D 
. ot [E+ 1808, 5 og (5+) 


48 
(8 Sete. 


= [oe +15 log (v2 +1)] 


Example 4. Evaluate j2 


int 
2 
Solution : 
do 
f= Put s =f 
sin’? 2 
> d@ = 2dt 
dt 
=2 
Saar 
= 2 feosec' ¢ dt 
2, 
= o[-soerteonte , 2 “va | 
3 3 


2, 4 
~ = cosec’t cot #-— cot f 
3 3 
2 2 
= ~ 3 00t [eosec 1+2] 
= ~Z cot ${ cose’ 2 +2] 
3 2 2 


Example 5. Evaluate ia tan’ @d0. 
Solution : 
I= ii tan’ 6.40 
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11 
= -—+—log2 
qty hs 


Example 6. Evaluate feot' x dx. 
Solution : 
T= foot x dx 
2 
a SEE foot? xdx 
3 


cot? x 


- J(cosec? =I) de 


cot? x 


-(-cot x- x) 


cot? x 


+cotx+x 


Example 7. If o(n) = Pitan’ xe, show that @ (nm) + @(n - 2) 


= os and deduce the value of @ (5). 
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Solution : 
Pay (peers 
o(n) = [tant x de 
Ws 
tan” ‘x . 4 a-2 
-( _ } -f§ tan""? x de 
o 
a clce 
a-l Pa-2 
1 
24%" Tq Proved 
Now  9(5)= 4-9, 
1 


0 
' 
| 

+ 

s 


" 

1 

' 

+ 
™™> 

g 

* 

& 


' 
\ 
i; 
& 
& 


Example 8. Show that cos! arde=4, 


Solution : 
I= [*cos'4xde Put ax =r 
4dx = dt 
= [feos # at 
‘ 4 
1 
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" 


win 


Using Walli’s formula 


al— ale 


Example 9. Evalute [x (2a- xy” dx. 


o 
Solution : 
I= [8 (2a- xy% dc 
Put x =2a sin? @ 
’. dx = 4a sin ® cos 6 d0 
[cay sin’ @ (2a ~ 2a sin® 0) -4a sin @ cos @d0 


= [74 (2a)% sin? 0-(2a)% cos” @- da sin 8 cos 0 a 
= (2a)*-4a- [sin 0 a0 
i 


Using Walli’s formula 


Example 10. If /, = {le -x)' de, and n > 0, prove that 


2na* 


= Aare 
"Intl"! 
Solution ; We have 
= [(@-¥Sa Put x=asin@ 


dx =acos 0 d0 
= he — a’ sin*@)' (acos 8) d0 


2 a®*" (Feos™*'9d0 
o 


27969 \% 
= ,mei{{ cos” @sin® 2n (% ant 
= — — dl 

. ( 2n+1 } Seat b ies | 
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Integrate : 
sin? x 
sin* x 
sin’ x 
cos? x 


cos’ x 
+ tan? x 
tan x 
. COs® x 


Pisce? x ae 


lo 


peta 


cos’ x 
(isint xdx 
i 

[isin’ odo 
[?cos* 0 a0 
[sin ede 


if % eos 20 d0 


lo 


[[sin’ 2 ao 
a 2 


2not | 
= —— {a 


2n 
2n+1 
Qn+l e 


2na* 
2n+1 


ant (7%. 
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a" [7 cos*-"0 d0 
o 


cos*”! oao} 


EXERCISE 11.1 


sin’ x 
sin’ x 
cos* x 


. cost x 
. cos? x 
. tan x 


cot x 


 cosec? x 


Ja+e)* ae 
[sine xd 
[isin x de 
[sin ede 


[?cos" 0 ao 
y 


lo 


sin‘ 26. d0 
* sin* 60 dO 


ek 
f (+2) 
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onde ae He 
33. Loy 34. J sin* x cos? x de 
; %4 
1 6() — 2)2 a(x 
35. [x(I-r Pade 36. ited de 
M4 
2 3(a- 
f . —| & 
» m t(23 
7 inn a _x'de 
39. i sin™ x dx 40. is 
ANSWERS 
EXERCISE 11.1 
1 2. at costx 3 cos x 
7 "12 4 
sc Di ols: 
3. sin’ x cos x - — sin’ x cos x 
24 
-2 sin xeosx +33] 
los 5a 3 
4, -—sin’ x cos x -=sin xcosx+=x 
4 8 8 
5. = sin‘ xe0s 2-4 (sin? x+2) 008 x 
1 are 
» axt—sin 2x 
e 2°04 
7. 3sinx+-+sin3x 
4 12 
Us gs 3 5 
8. rho xsin x +5 (cos x sin x + x) 
9. Leost xsin x+4 cos? xsinx + sin x 
5 1S 15 
10. sin x-sin?x+3 sin’ x—4 sin’ x 
. 7 7 ain’ 


OR 
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—s cost xsinx + § 
7 7 5 


i 3 tan’ x + log cos x 


1 


q 3 tan (tan x— 2) 


Da ound. gene 
= tan‘ x - = tan’ x — log cos 
4 2 . 


6 cos* x sin x 


x 


1 1 . 
-=cot* x +—cot? x + log sin x 
4 2 


3 [vee tog (1+ ¥2)] 


falter! +2 (42) +3 10g (r+ fire) 


{estas x 
5 3 


ES sec x tan x — log (sec x + tan x 
; ( ) 


Sn 
32 
63n 
512 


21. 


35a 
256 
16 
35 
3n 
16 
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Sn Sn 
2. = 3. GF 
uo 35. = 
‘ 
36, 37. a 
o (3-3) - a 
Py Ta" {1.3.5.0 (2n- 1} 


2.4.6....2n 
11.9 Reduction formula for [sin™x cos*x dx 
This integral may be connected with any one of the following : 
(0) fin”? x cos" x dr 
ii). fsin™ x cos*-? x de 
ii) fsin™** x cos" x de 
(iv) fain x cos"*? x dr 
(v) sin”? x cos"*? x de 
(vi) fsin"*? x cos"? x dx 
Proofs 
Let 1, = fsin™ x cos" x de « () 
= pees. cos” x sin x 
I 7 


Taking sin"-' x as the first function and cos" x sin x as the 
second function and integrating by parts, 


met cos"*! x 
= sin™"! x-| -——_— 
n+l 


= fm sine? con - so) 


n+l 


& 
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“txcos"*!x | m=1 
n+l n+l 
fain? x cos" x {1 ~sin? x} dx 


sin""'xcos"*'x | m-1 
S08 


n+l n+l 


foint-* x cos" x de ™—1 fsin” x cos" x de 
n+l 


=> 
> 
2 
= Faun en mane B) 
Writing m + 2 for m in (3), we get 
_ _sin"’!xcos"*'x | m+! 
mine m+n+2 m+n+2"" 


=> (m#nt2)Incrn 
=-sin"*!xcos"*'x+(m+1)/,, 
> m+)I,, 
=sin"*' x cos"*'x+(m+n+2)1,,,, 
Dividing by (m + 1), we get 
1 _ sin”''xcos"'!x , m+n+2 


L, 
ar STE Nusa (4) 
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(2), (3) and (4) above give the required connections. 
Again, 


1,,, = fsin™ x cos" x de 


= pentose gos" !x ve 
a1 I 
Taking cos"~' x as the first function, sin” x cos x as the second 
function and integrating by parts, 
at 


wai, Sint 
= cos"! x- 


m+l sek 
~ fn=1) cos"? x-(~sin x) St 
Je ) cos””* x-(—sin x) See 
sin?" x cos" x 
m+1 
roan faint *? x cos"? x de we (5) 


m+1 m+i 
fsin” x cos"? x {1 -cos* x} dx 
rtix n=l 


+—— |sin” x cos"”? x dr 
m+ 


fsin” x cos" x ds 
m+l 
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Writing n + 2 for n in (6), we get 


sin”*' x cos"*! x Pemba 


Fanon = m+n+2 m+n+2 7" 
n+l 
m+n+2°"" 
= _sin®*!xcos"*!x 5 
m+n+2 te 
in” *'xcos"*!x | m+n+2 
> bye at oad met 
(5), (6) and (7) give the required connections. 
Alternative Method 


To connect fsin x cos" xdx with any one of the six integrals 
given below : 


@ fin" 2 xcos"xdx 
i) fsin® x cos-? xde 
(ii) foin™*? x cos" xdx 
(iv) sin” x cos"*? xx 
(v) fin”? x cos"*? xde 
(vi) fsin®*? x cos"? xde 


We follow the following steps : 

Step I. Take P = sin’*'x cos**' x where A is smaller of the 
two indices of sin x and 1 is smaller of the two indices of cos x in 
the two integrals which are to be connected. 

Step II. Find ¢ and express it as a linear function of the two 
integrands whose integrals are being connected. 


Step II. Integrate both sides wrt. x, transpose and solve for 
the given integral. 
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ILLUSTRATIVE EXAMPLES 


Example 1. Connect Jsin™ x cos" x de with foi xcos"*? x dr. 
Solution : 
Let P =sin™-2*!' x cos #*! x 


=> P=sin"-'xcos"*' x 


¢ = (m — 1) sin"-? x cos x - cos"*' x 
+ sin"-' x + (m + 1) cos" x (— sin x) 
=(m — 1) sin"-? x cos "*? x - (n + 1) sin"x cos" x 
Integate both sides w.rt, x, we get 


P =(m-1) fain xcos"*? xdx—(n+1) 


fsin® x cos" x dx 
=> (n+!) foin® x cos" x dx 
= —P+(m-=1) fsin™-? xcos"*? x de 
=> (n+I) fsin® x cos" x de 
= -sin""' x cos"*'x+(m—1) foin™-? x cos"*? x de 
> fain” x cos* x dx 
sin"”'xcos"* 


mad ee an . 
ee sin’ * x cos"? x dr 
n+l ntl 


sin’ 
Example 2. Evaluate | poops ae, 


Solution : We shall connect fsin* x cos” x de with fsin? x de 
Let P =sin’ x cos x 
ae 3 sin? x + sin? x cos? x sin x 
dx 
=3 sin? x + sin‘ x cos? x 
Integrate both sides wrt. x, we get 
P=3 foin? x de + f in* x cos” x dx 


140 


wz 


> fsin® xcos x dr 
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= P-3 fin’ x de 
a) 3 
pa _ sin £_3 fasin' xe 
cos* x cosx 2 
sin'x 3 
= SO *_= [(1-cos 2x) de 
cos x ral e622) 
~ 2s _3 (824) 
~ cosx 2 2 
sin’x 3 


cos x 


+3sinxcosx-3x 
2 2 


EXERCISE 11.2 


(i) fsin™-? x cos" x de 
ii) sin” *? x cos" x de 


(wv) fsin"*? x cos*-? x de 


. Evaluate fsin? x cos x de 
. Evaluate foin* x cos? x de 


. Evaluate fsin® x cos® x dx 


Evaluate Psin’ x cos’ x dx 


. Connect foin™ x cos" x x with each of the following : 


(ii) fin x cos"? x de 


(iv) fsin” x cos**? x de 


ANSWERS 
EXERCISE 11.2 


(i) fin” xcos" x dx 
sin""! 


m+n 

(ii) sin” xc0s" x de 
sin” *' x cos 

men 


x cos” 


net 


x 
+ 


m-\ 
m+n 


+ fin"? x cos" x de 


n 


-l pe a- 
fain xcos"™? x de 
+n 
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iii) fsin® x cos" x de 
_ sin”*!xcos"*'x 4g mtn+2 
m+l m+l 
(iv) sin” x cos" x de 


foin™*? x cos" x dx 


sin"*'xcos"*'x | m+n+2 
n+l n+] 
fsin® x cos" x dx 


” 1 

sin"*'xcos""'x  n-l fw. oe 

= fin * xcos"? x dk 
m+l m+l 


fain” x cos"? x dx 


3 RL yer x 
. —sin’ x cos’ x +—sin’ x cos x-— sin x cos x + — 
6 8 it 16 


lay a's il og di x 
aan x cos’ == sins cos xt psnscsz+ 


4. 3 (os! x +f cos'x + 5 coe x+ 5 cosxsinx + SE 
8 6 16 1 


24 
128-71V2 
1680 
11.10 To show that 


jm +i intl 
[sin x cost x de = 2 1 2 
° Neaaea 
2 


5. 


where m and n are integers. 
Proof 
Case I. When n = 0. Then 


A cay 
f sin” x cos" x dx 


= [Ssint xa 
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Now two cases arise 
Case (i) When m is even. Then 
m-1 m-3 m- [sin 


? [P+1 = PiPyP 
fi =1 
m+1[0+1 
zo 
2 m+0+2 
2 
m+iin+l 
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when n = 0 


Case. II. When m = 0. Then exactly as case I, 
[isin x cos" x dx 
= ig cos" x dx 


wa oI 
yee 
im+ijn+1 
when m = 0 
a rrrrss 
py] ata a 3 
2 


Case III. When m and n both are even positive integers. Then 
let m = 2p,n=2¢;p,g € 1 

[sine x cos" x ax 

= [i sin?” x c0s* xx 


in??*! x cog’t-! 2 = 
«| She ree ay eek. [2 sin?” x cos"? x de 
2p+2q 2p+2q 
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a ial [Psin? x cos"? x dx 
2p+2q ” 

4-1) 9- 
(2p + 24) (2p +24 


2-{(p+a)(p+q-1) 


Past Pest 


ins 


i 


m+n+2 
2 


2 


Case IV. When m is odd and n is an even integer. 
Let m= 2p + I,n= 29; p,q €1 
[isin x cos" x de 


= [i sin??? x cos x de 
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sin??*? x cos*~! ta 
= 2p+1+2q 


2q-1 pe apes 2-2 
* pay sin’?*' x cos*”* x de 


_ _2g-1 ys ops 2y-2 
Serresia 4 sin??*' x cos”? x dx 
2-1-3 3 
2p+2q+1 2p+2q-1 “"2p+5 2p+3 
[Bsinee xdx 
2g-1_ 2g-3 3 1 
2p+2q+l 2p+2g-l  2p+5 2p+3 


2p_ 2p-2 
2p+l 2p-l 
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Case V. When m is even and n is an odd integer. 
Proceed exactly as in case IV. 

Case VI. When m and n both are odd positive integers. 
Let m= 2p + 1,n=2¢+1 


a [sin x cos" x de 
= PP sin? x cos" x ae 
sin??? x cos™ x] 
2p+1+2g+1 
yee. ieee! Pfsin?e* x cos"! x de 
2p+2g+2 
= aoe. Me » [Fsin®**! x cos"! xe 
2p+2q+2 
plopreetn leeliy pt foi ee, be 
2p+2q+2 


20g! 
2p+2q+2 


2[PetBee? Beem 2p i){p(p-iN(o-2 


_ {a-@-)) as 1} {p(p-1)....1} 
2{(p+9+1)(p+q) 1} 


_ Geile 


+72 jp+q+2 
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n+1[m+1 
feet Proved 
2 
ILLUSTRATIVE EXAMPLES 
Example 1. Evaluate [?cos*30 sin? 68 a0 
Solution : 
T= PP cos* 30 sin? 68.20 Put =. 30 =r 
so that 340 = dr 
dt 
> d= z 


= [4 cos* 30 (2 sin 30 cos 30)" d0 
= 4 7sin* 30 cos'30 a0 


a [Psin* scot «at 
3 4 


gf2zt[eet BE 
--12 - 2 
ae eles 3[6 


1 7531 
2-a-Vn-o-2-2ee. 
pad) va 2222 ve 
3-5-4-3-2-1 
105% ks 7" 


~ 3:16x120 ~ 3-128 384 
Example 2. Prove that ['x”#(1- x)“ dx = 2% 
imple 2. Prove that [x (1—x)¥ de = SE 
Solution : 
r= fx4(1-x)tde Put x = sin @ 


“. de =2 sin ® cos 6d 


= [2 sin’ 0 cos? 6-2 sin @ cos 6 d@ 
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= 2 [?sin* 0 cos'e do 


Example 3. Evaluate tf P (Qar-2)? de. 


Solution : 


T= [re (2ar - x*)'* ae 


= [x4 (20-xYt de 
Put x =2a sin? 6 
'. dx = 4a sin 8 cos 6 d0 


= [7(2a)% sin? 0 (2a) cos? 8 4a sin 0 cos 6 d0 


= (2a)* 4a {7 sin" 00s‘ 8 d0 


~ aso lap 
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EXERCISE 11.3 


Evaluate : 

L fo sins 8 cos’ 6 d0 

3. [7sin* 0 cos*o.d0 

5. (sin? @ cos’ @ d0 

1. [Asin Ocos’@ de 

9. ffsin® x (1400s x)’ de 
ut. [% sin? 2x) de 
. fir(-2)ae 
15. fix (- xy? de 
17. fe - vj? de 


19, 


i x‘de 
(at +x)" 


23, f° x (2a-x)% de 


21. 


25. [cos 4x dx 


2. [?sin* @cos' do 

4. [sin*o cos‘ d0 

6. [7sin* 0 cos* 6 d0 

8. [sin? x(1+cos x)’ de 
10. [7 cos! 39 sin? 69 dq 
12, 7 sin’ x dx 

14, fis-2Yba0 

16, fix Jimx de 

18, [xt fa? - 2 de 


< x'dr 
a DeLay 
22, f P Yaar— 9 de 


24, ff? (@ax- ryt dx 


ANSWERS 
EXERCISE 11.3 


T 
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8 8 
3 105 435 
5 6 3 

693 * 1287 

1 th 

2 ery 

on sn 

9 6 10. 192 
n+l 

ul 1 2. 

Be es 12. 
2 
B= 14, 2 
32 * 256 
3n t 
18. 55 16. 75 
na® 
18. 
a 
20. 32@ 
Ina 
2 
(22-2) 
8 4 (32 35 
as. 
"6 


11.11 Reduction formula for [x"sin mx dx 
T= fx'sin mx de 
1 


Taking x" as the first function and sin mx as the second function 
and integrating by parts, 
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ose) (oa 


~ x" cos mx 


i fet cos mx de 
m 
1 it 


Again taking x*~' as the first function and cos mx as the second 
function and integrating by parts, 


m 


=x" cosmx  n{ ,., sinmx 

- teem aly —— 
m m m 

n-2 Sin me 

-f@-)e? 

m 


SE COS me ot sin mx 
m m 
-1 
nla) ) fer?sin mx dx 
m 
This is the required reduction formula. 
11.12 Reduction formula for fxtcos mx dx 


Proceeding exactly as in art. 11.11, we can get the required 
reduction formula as follows : 
rf x"sin mx _ nx""' cos mx 
fe cos mx dt = ———— + —__.—— 
m m 


~ eet) fx? cos mx dx 


11.13 Reduction formula for fosintx de 
I= fesin® x de 


& sin"” 


Ti 
’ 


xsin""' x (—cos x) - flsin- x 


+x-(n-1)sin""? x-cos x}(— cos x)dx 
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~xsin""' xcos x + fain?! x cos x dx 
+(n=1) fx sin””? x cos? x de 


gel sin" x 
-xsin""' x cos x + 


7 +(n-1) 


fe sin”? x-(1-sin? x) de 


fact sin" x 
= -xsin""' x cos x+ 


+(n-1) 
fesin"? xx -(n-1) fesin® x dx 
=> (l4n-l) fesin®x de 


pat sin" x 
= -xsin""'xcosx+ 


+(n=1) frsin®? xae 


n 


xdx 


sin"! x cos x 


> fe 


n 
This is the required reduction formula. 


11.14 Reduction formula for {x cos*x dx 


Proceeding exactly as in art. 11.13, we can get the required 
reduction formula as follows : 
xeos"!xsinx | cos"x | n-1 


=— +— |xcos"* x dr 
n 


fe cos" x d= 
n n 


ILLUSTRATIVE EXAMPLES 


Example 1. If u, = (%x"sin mx dx, then prove that 


yt n(n-1 


m 


ae 


3s 
— 
Nia 
a 


where m is of the form 4r + 1. 
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Solution : 
We know that 


fe’ sin mx de = 


Now, cos + = 


and 


sin = 
2 


Lg 
= cos— 

2 
=0 


= sin {(ar +1) x 


= sin (2rn+3) 
2 


fh 


nde 
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Example 2. If u,= {/@sin’0d0 and n> 1, then prove that 


149 
Hence deduce that u, = 2s 
Solution : 
We know that 


int! in” 
fosin' odo ~ — Ssin’ Sos 6 sine 
n n 


+221 fosint-*000 
n 


saat % (einng\% 
[“esinoao (22 dense) +(2) 
n lo n lo 
+22! Mosin-*0do 
7 
> u, Proved 
Put n= 5 
ne cety 
ier Sane 
1 4f1,2 | 
=—strl|-+=y, 
25° 5193 


ty hey 
25°45 15 '' 


rae [fesinoao 
hee 


+3 [{0(- cos oy? 
- fae cos 0) 0 
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{8 By ae 
“statis [sin of 
1, 4,8 
=atote 
25 45 15 
— 2+204120 
225 
8 
225 
EXERCISE 11.4 
Evaluate : 
1. fe sin 2x de 2. [x? cos 2x de 
3. frsin? xde 4, frsin xde 
5. fe cos’ x de 6. [ee sin3x dx 


7. [[0sin? 0 cos 0 40 


8. Ifu, = (Ax sin x de, and > 1, prove that 


oa 
u,tn(n—l)u,_,= »(2) 
Hence evaluate 
[2s'sin xa 


9 If T= (ersin (2p +1) x dx, then prove that 


i 
7,4 n aD? y (2) 
(2p+1) Qp+y 2 
where n and p are positive integers. Hence evaluate 
fie sin 3x dx 


10. Prove that [ive-2 feos! (2) « 
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ANSWERS 
EXERCISE 11.4 


(5-42 Joos2r+} xsinar 

4 2 2 

2. Let sinax++xcos2x-1sin 2x 
2 4 


3. ttl ysin2x—l cos 2x 
4° 4 3 


in? 
4. — Sin cos 4M int x42 (sin x— x08 x) 
3 9 3 

5. 1,=4(xsin costs + Leos! +41) = etc, 
28 

27° «(12 

af 
7 9 


, 2 
8. (2) -60() +120 
2 2 
11.15 Reduction formula for Je*sin*bx dx 
T= fet sin” bx de 
it 
* sin’ bx =~ fnsin"" bx-cos bx -b = ce 
a a 


Poe 
oi sint bes J(sint* bx cos bx) ed 
a % 1 i 
oT nb brome bee 
a a a 
= f{(@=1)sin?? bx -cos? bx -b 


~sin’” bx-sin bx-b} = as| 
a 
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se 2 
= e* sin em Oe TE sink ‘ie cosbe + 
a a 
Fllo~1)sior* ea? ede 
2 
= set SSE A esi "bx cost + 
a 
fl@- 1) sin"~? bx (1 - sin’ aaa eM dx 
2 
gf Gain ~ Bet sin "bx cosbe + 
a 


Fio—1)nar bx -(n—1) sin” bx - sin” bx} ede 


ine 2 
pgs oe sin” "be cos bx + 

a a 
Jl(=1) int? bx = n sin” bx} xe 


_ sin" bx _ nb n(n-1)8? 
Cogn. ae eal 


a 


= e* sin"™' bx cos bx + 
(aareaee fet sin” ox dx 
a 


a 
> (1+) Jer sin" bx ae 
a 


= ee we sin"~' bx cos bx 
a 


tee fen sin’™? bx de 


(“7) fet sin” bx de 


= oF sin Sia sink "bx cos bx 
a 


ese fe“ sin’? bx de 
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=> fetsin" bx dx 
e* sin"~' bx {a sin bx ~ nb cos bx} 
Penh? 
aa (n-1)8? 
een? 
This is the required reduction formula. Similarly, 
e* cos" br (a cos bx + nb sin bx) 


fet sin*”? bx ax 


fen cos" bx dx = 


anh? 
n(n-1)P 
eae ee 
11.16 Reduction formula for frte*sin bx dx 
We know that 
Je sin bx de = So sin (te - a) 
Va? +8? 
where a= tan'(2) 
a 
fx (€* sin bx) de 
I i 
= x’ sin (bx -a) 
Va? +5* pola 
2 f sin (bx - a) de 
a+b? 


_ xe" sin (bx -a) n 


e+ +B “Ye +B 


forte sin (ox - a) de 


This is the required reduction formula. Similarly, 
fx (e* cos bx) de 


x"e™ cos (bx - a) ai 
= a aes cos (bx - a) de 
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ILLUSTRATIVE EXAMPLES 


Example 1. Integrating by parts twice, or otherwise, obtain a 
reduction formula for 


I= fletsin” xdx 
where m22 in the form 


(1+ m) I, =m (m-1) 1, 


m2 
Hence evaluate /, 
Solution : 


1, = fle sin xde 
ot 
[sin™ x(-e*). - Jf msin™-! x 00s x (~e°*) de 
m [let sin" x cos x de 
I 1 

m[ sin?" x cos x(~e"*)}> 

- JF {(m=1) sin”? x08 x-cos x 
+sin"”' x (-sin x)}(-e") de] 


m Ke =1)sin"-? x (1 sin? x) -sin” x} e"de 


m JL {(=1) sin™? x -(m - 1)sin® x~sin® x} ede 


1 


m [7 {(m =I) sin"? xm sin” x} ede 

= m(m=1) [et sin”? x de -m? [e°* sin” x dx 
=> (l4m?) [Per sin® xdx 

= m(m=1) [oe sin"? x de 


=> (1+m*)1,=m(m-1)1,_, 
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Put m = 4 
171,=121, 
12 
> aah 
12/2 
= lI 
m3 | 
24 
=o, 
85° 
nag 
85 
4 
~ 85 
EXERCISE 11.5 
Integrate : 
e* cos? x 
e* sin’ x 
xe™ sin 4x 


e* (xcos x +sin x) 


e* cos x 


xe" sin x 


ff xe? cos 2x de 


= cos 


th 


1 


4 


e (er sin (x - cot" a)- 


ANSWERS 
EXERCISE 11.5 


(mt) lm fl 


‘5 
1 
ya? +9 


sin (= cot! s} 
3 
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3.4 22" sin(4x-tan"4)-2 0" sin (4-2 tan) 
3 3) 5 3 
+2 tee sin( 42-3 tan" 4) 
25 5 3 
4. et x (cos x + sin x) ~ cos x} 
e* cos’ x(a cos x+4sinx) | 12(acos x +2sin x) cos xe" 
a +6 (a? +16) (a? +4) 
m Mem 
(a? +16) (a? +4)a 
6. vetsin(x-2) 25 e'sin( x4) 
2 4) 2 2 
+612 %e'sin( 2-32) 627 sin(x-1) 
= 
25 
11.17 Reduction formula for fsin™x sin nx dx 


1. 


I= fsin® xsin nx de 


- frst“ xe0s x 208) ae 


— — Sin” x cos mx | m fin 
n n 


x cos x) cos nx de 
I i 


_ _ sin” x cos nx +m [sot aon rin 
n n n 


- fl 1) sin"~? x cos? x - sin” x} ons | 
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i " x cos nx | m sin”~' x cos x sin mx 
? 


n n 


= fl -1) sin”? x (1 ~sin? x) - sin” x} sin nx de 


_ sin"x cos nx | msin™~' x cos x sin nx 


n vr 


-3 f-ns 


"x cos nx _ msin™”' x cos x sin nx 
—— a 


x—msin™ x} sin nx de 


n n 


-7(m-1) fsint > x sin nx de + 
n 


fsin” x-sin nx dx 


2 
> (i-) foin™ x sin nx de 
n 


msin™” x cos x sin nx — nsin” x cos nx 
- z 


? xsin nx de 


m1) fine 


> fin” xsin nx de 


This is the required reduction formula. Similarly, 
fsin™ x cos mx dx 


nsin™ x sin nx +m sin™”' x cos x cos nx 
mr 


m(m 


+ AD faint x cos me de 
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11.18 Reduction formula for Joos™x sin nx dx 


I= feos" xsin nx dx 


“(a 


- Jrcos”"'x(1-sin »(- 2) ae 


" 
8 
i, 


Joos"! x sin x cos nx de 
Now, 
sin (n — 1) x = sin nx cos x — cos nx sin x 
=> sin x cos nx 
= sin mx cos x - sin (n - I) x 


cos"xcosmx _m 


n 


Joos"! x{sin mx cos x sin (n-1) x} dx 


cos" xcosnx mm - 
> p= ~ SAS _@ feos” x sin mx de 
n n 
m irae 
+7 Joos" 'xsin(n-1)xde 
n 
m cos" xcosnmx | m ml gs 
=> ifis B) = -S E608 4M feos 'xsin(n-1)xde 
n n 


> Joos” x sin mx de 
cos" xcosnx im 
m+n m+n 
fos"! x sin (n - 1) x de 


This is the required reduction formula. 
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Similarly, 


Joos" x cos mx de 


sin nx m ™ Fi 
= + feos *xsin(n-1)xde 
m+n m+n 


ILLUSTRATIVE EXAMPLES 
Example 1. Prove that 


2 93 a 
[fost xsinmede= st {242424 eons +} 


2 2 m 
Solution : 

We know that 
[Peos® x sin mx de 

_ | _ gos" x cos mx yf m 

~ m+m m+m 

[cost x sin (m1) xd 
1 ot 

=> lam = Gm ty lente 


wots 
= Toma 2 tte 


Text 1 1 
amas alaeen ao 
selina ek pins 
* 2m Fmt) 2 
eA eal age = It gly 
2m 2 (m-1) P(m-2) 2 ">"> 
| Proceeding similarly 
1 1 1 
2m * F(m=1) * P(m-2) 
| 1 
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SE ha Bate 
~ Im” (m=1) 2(m-2) 


Now oak = [elf =c-c=0 


Li= pile + peer heaee Pe + 

== 2m” 2(m-1) 2 (m-2) 
Writing the series in the reverse order 
1 1 


= pet ae pet g 2g 
1 [2.2 2 2 
=palitata* woe += 


Example 2. Prove that 


1 [= met gmt 


ud 


[Peos" x cos ne de =". 
td 2 


Solution : 


Lo Jf4c0s" x cos nx de 


Frat 


cos" x sin nx an n 
nén n+n 
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Proceeding in this manner 


Example 3. Prove that [cost x sin ne de =; ‘n being an 


integer greater than unity. 
Solution : 


I= (eos* x sin me de 
= [cost x sin {(n=1) x + x} a 


= [cost x (sin (n=1) x 008 x 
+cos(n—-1)xsin x} dx 
= [cost x sin (m1) xe 
I it 
+ [cost-* x c0s (n - 1) xsin x dx 
Integrating the first integral only by parts 
cos (n- nay" 


= ycos"* x- 
n-l 


~ [7 n=1) cos"? x (~sin x): {ee} a 


+ [7cos"-* x cos (n-1) xsin x de 
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- [cost x cos (n—1) xsin x dx 


+ [?cos** x 0s (n—1) xsin x de 


EXERCISE 11.6 


+ Prove that 

1 m 
+ 

m+n m+n 


(eos! x-sin (n= 1)x dx 


[2 cos® x sin mx ox = 


Hence evaluate 


cos? x sin 3x de 


2. If Ian = [cos x cos mx de, then prove that 
m(m-1) 


a 


1, 


m-2n 


3. If f(m,n)= [Pcos" x cos mx de, then prove that 


m m 
,n)= -In+1)=—~ f(m-1,n-1 
S (mn) = Sf (m-lnt =a s( ) 
4. Prove that 
ffsint xsin mx de =" a) ff sin™-* xsin nx dx 
Jo rape a 


ANSWERS 
EXERCISE 11.6 


wie 
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11.19 Reduction formula for fx" (a+ 6x")’ de 


The integral fe (a+bx")’ dx can be connected with any one 
of the following six integrals : 


(i) ferr(atbx")’ de 
(ii) fx"*"(a+ ox")! de 
Git) fx" (a+ bx")! de 
(iv) fx" (a+ bx")! ae 
(W) fer" (a+ bx")! de 
(vi) fern (a + bx") ae 


Proofs 
T= [e(a+ox")’ it) 


= fevr{(as axt)’ 2!) de 
\ u 


genes (abet) 
~ (p+l)nb 
on (as bx" 

~ f(m-nsi)x pena 
(a4 bt) _m=-n+l 
* (p+i)nb nb(p +1) 
fe" (a+ bx) (a+ dx)’ de 

7 x '(atbxt)"'  a(m-n4+l) 
= (p+ i)nb nb (p+) 
fern (a bx") de - 


w+ (2) 


m-n+t 
n(p+l) 
fer(a+ ox")! ax 
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= {gal}! 


rot(asbey"! 


nb (p +1) 
a(m-n+l) pan nt 
est) fer (a+ bx") de 


> fxr (atox"y’ ae 
x '(a4 bx") 
b(np+m+1) 
__a(m-n+l) 
b(np+m+l) 
Writing m +n for m in (2), we get 
ferro tat) de 
x(a bx")! __m+t 
=" (p+i)nb (p+l)nb 
x(atbx")"! mst 
(p+l)nb (p+l)nb 
fet (a+ bx") (a+ ox")! de 
x "(a+bx")"'  (m+i)a 
(p+1)nb (p+l)nb 


fer (a+ ox")! de - ee feo" (a bx")! ae 


fer(a+ ix")'de (3) 


fe (a+ bx") de 


(m+i)a 

(p+l)nb 

x'(a+bx') 
(p+1)nb 


2 forv(astey ae fis ms} 


(p+i)n 


fe (osm) x 
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(m+\)a 


> (papas fer(ar bx") de 


x"(a+ bx") 
(p+l)nb 


3 a ae fer"(a+ oe") de 


= fet(atex’) de 
7 xt (a+ ox)" _(ap+n+m+iyb 
(m+l)a (m+l)a 
fer (a+ ory’ ae = (4) 


Again T= fx"(a+bx")' de 
u 


on 
= (a+ ox") — 

m+t ati 

~ Jp (a+ bx) one! ~— ae 

m 
7” (a+ ox") x7"! __pbn 
r. m+ m+ 
feor(atox") de. 8) 


- (eset pn 
~ m+t m+ 
fet -ae"-(a+ bx") de 
_ (ese pn 
e m+ m+ 
fe (a+ bx" a) (a+ ox")! de 
nh me 
= (a+b a PH temas bet)’ de 
m+t m+i 


pra f= nye! 
+A fer(a+ox") de 
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> (1+ 25) fe (ooney a 
_ x" (a+ bx")! 
~ m+ 

= fer(atexy a 

_ ato) anp 


DP tym art 
+ (a+ bx") de 


mp+m+l mp+m+1 
fet(atoxt) de 6) 
Writing p + 1 for p in (6), we get 
fer (at bx") "de 
= x "(a+ox)"| 7 an(p +1) 
mp+m+nt+l1 — mp+n+m+l 
fe (etary ax 


> PHD nla gt) de 
np+n+m+1 


x'(a+ bx")! io nye! 
= Serre eers Bed (a+ bx") de 


= fe (ater) de 
_x'(asbe'y 4 mptn+m+l 
an(p+l) an(p+l) 
fer (at bx") "ae (M 

Equations (2), (3), (4), (5), (6) and (7) respectively give the 
connections of fe (a+ ox")? dx with the integrals (v), (i), (ii), (vi), 
(iii) and (iv). 
Alternative Method 


The integral x" (a+bx*)’ decan be connected with any one 
of the following six integrals : 
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(i) feon(a + bx")! de 
Gi) fev" (a+bx")’ de 
iit) fe" (a bx")! ae 
(iv) fx"(a+ bx") "ae 
() fev t(at ory ae 
(vi) fxr" (a+ bx") "de 
according to the following rule whose steps are given below : 


Step 1. Let P=x*'! (a+ bx"! 


where is the smaller of the two indices of x and p1 is the smaller 
of the two indices of (a + bx”) in the two integrals which are to be 
connected. 


Step 2. Find “ and express it as a linear function of the two 
integrands whose integrals are to be connected. 

Step 3. Integrate both sides w.rt. x, transpose and solve for the 
given integral. 


Example 1, Connect fer (atox")’ de with fern (a+ox" ae. 


Solution : 
Let P=x™-""! (a+ bys! 
Then Baer 1) (at bay bax ' 


+ (m—n+ 1) x7" (a+ det! 
=(p + 1) nb x™ (a + bx" 
+ (m—n+ I xm" (at beret! 
Integrate both sides wrt. x, we get 
P=(p+1) nb [x"(a+bx")’ de 


+(m—n4l) fxv"(at ox")! de 
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=> xe lat bey?! 
= (p+l)nb fx"(a+bx")’ de 
+(m-n+l) fev (ae oe) de 
=> (p+l)nb fe (ater) ax 
=xm—"t l(a + bx?! -(m-n+ 1) 
fern (at bx")! de 
= fet (a+ bx") ae 
xn '(ae ox") _m=n+l 
(p+i)nb (p+i)nb 
fern (a bx")! de 


Example 2. Connect fx" (a+bx")’ dx with fer (a bx’) a. 
Solution : 


Let Paxm"'} (a+ bey"! 
Differentiating wrt. x, we get 
dP 


at mant 1) x"-" (a + bx"! 

xm" (p+ 1) (a + bx"y bmx! 
=(m—n+ 1) x" "(a+ bx") (at bx" 

+ (pt 1) nb x" (a + bxty 

=(m-n+ l)ax" "(a+ bx" 
+ (m—n + 1) bx™ (a + bx" 
+ (p+ 1) nb x" (a + br" 

=(m—n+ 1) ax™ "(a+ bx" 
+ ((m—n+ 1) b+ (p+ 1) nb} x™ (a + bx 

=(m—n+ 1) ax" "(a+ bey 
+b(m—n+1+nptn)x™ (a+ bx? 

=(m—n+ 1) ax™ "(at bx" 
+b (m+ np + 1) x" (a+ bx" 
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Integrating both sides wrt. x, we get 
P=(m—n+ Ia frv"(a+bx') de 
+b (m+ mp +l) fxt(a+br")! de 
= ntl (a + beter! 
=(m—nt Ia fev*(arbxy’ dx 
+b (m+ np +1) fx"(a+ bx")! de 


=> b(m+np +i) fet (a+er')’ dx 
axmn (a+ bey! —(m—n+l)a 
feor(arbxt)’ de 


> fe (ater) a 
_xet(asae yl a(m-n+t) 


= "b(m+np+l)— b(m+np+l) 
ferr(a+ ox") de 


Example 3. If /,= ['x" (1-x")" de where p, q and n are positive, 
prove that (ng + p + 1) J, = ng J, _,. Evaluate /, when n is a +ve 
integer. 

Solution : 

Let Psxre (1 — xan teh a gr (1 = xan 
Differentiating we get 


dP 
eR t War (l x9" 
txt (1 xy! (- gxto') 
=(p+ 1) x? (1 x)" - ng xr*4 (1 - x"! 
=(p +l) xe (l- x9" 
+ ng x (1 -—xt- 1) (L- xr"! 
=(p+ 1) xr (1 -x" 
+ ng x? (1 — xt" — ng x? (1 x4"! 
= (ng + p + 1) x? (1 -— x9)" = ng xh (1 -x9)""! 
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Integrating both sides wrt. x, we get 
P=(ng+p+l) [rr(1-xt)' de 
— ng fer (-xt)"' ax 


4 


(ng + p+1) fu’ (I-xt) de 

= P+ng fx'(1-xt)" de 
(ng + p +1) fx? (I-x*)' ae 

= (Laxt)! tng fx? (I- at) de 
(ng + p +1) fie (exe 

= [201-2], +g fix" (1-20) ae 
= (ngt pti) fixt(1-x ae 

= ng [xt (1-28 a 

=> (ngt+pri)i, 


u 


u 


=ngl,, Proved 
> Le—4 1, 
" ng+ptl 
=-—m_._(n-")9_ 
> agepel (e-Ngtp 
_ mg __(n-1)¢ (2-149 
ng+p+l (n-l)g+ptl” (2-l)q+prl ° 


ga h 
(p+14ng)(p+1+n=1)..(p+1+q) 
Now J, = [ix'dr 


(Fl 
~ p+), 
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ol 
~ pti 
gn | 


Example 4. If 1, = fx"(a-x)'*dr, prove that (2n + 3) J, 
= an I,_, ~ 2x" (a - x) and evaluate [2 Var- Par, 
Solution : 
= fu'(a-x)2 de 
Loy fe"'(a-x) ae 
So let P= x"'"'(a-xy" 
> P= x"(a-x)? 
Bnet (a—2)8 3 (a2 
k =m"! (a—x) +5 (a x)*( ) 
= na" "(a~x)(a~2)* -3 x" (as) 
nas’ (a~ x) — "(ax -3.x"(a- x) 
= nax*'(a~x)-(n93) (a2) 
Integrating, we get 


P=na for'(a~x)$de-(n+3) ft (ax)! 


> 2P =2naI,_, — (2n + 3) 1, 

=> (2n +3) 1, =2anI,_,-2P 

=> (Qn+3) I, = 2anl,.,~2x"(a-x)? Proved 
=> (2n+3) [°x"(a—x) de 


= 2an [le-"(a-x)de-2[ x" (0-2), 
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=> (2n+3) fix (exh de 
= 2an [[xe-(a-x)8 ae 


Rin 


Put n = 
> 8f'x"(a-x)* de 

= 5a fx" (a-x)* a 
> fix# (a- x)" de 
2 ['x”4 (a-x)'*de 


1 


3 
2a.3 
522 [x (aa) 


2 
x [x2 (a-x)hae 


Put x =a sin? 6 
dx = 2a sin 8 cos 8 


2 
52° [7% sin 8. cos 8-2asin 8 cos 0 d® 
16 2 


‘ 
a [isin? @cos*@ dO 
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Example 5. Connect fer (a+ bx") de with feo" 


(a + bx")? dx and evaluate f 


Solution : 
Let P=x"-"(a+ bx! 
& =(m—n) xt" (a+ bry! 
+ x"-" (p + 1) (at bx" (nbx"~') 
= (m — n) x™-"~! (a + bx") (a + bx" 
+x"-' (p+ 1) nb (a + bx" 
=(m —n) ax™-"-! (a + bx"? 
+ (m—n) bx™-'(a + dbx" 
+x™-'(p + 1) nb (a + dbx"? 
=(m — n) ax"-"-' (a + oxy 
+b (at bxty x™-' {m—n + np +n} 
=(m—n)ax™-""' (a+ bx" 
+b (m + np) x™"' (a+ bx"yr 
Integrating, we get 
P=(m—n)a fxv""(a+bx")! de 
+ b(m+np) [x""'(a-+bx")’ de 
=> (m+ np) fxr'(atox") de 
=x" (a + bx"! -(m=n)a 
fern (a+ bx") ae 
> fer '(a+ oxy’ de 
xvt(a+bx")"' _a(m-n) 
b(m+np) b(m+np) 
fer (a+ ox)’ dx 
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Put m- 1 =8,a=1,b=-l,n=3,p= ~ Fo we get 
fe)? ae 


‘ aie +3 fede 

6 ah 5 

282 segoah 
+3 fed-v) Sas] 


s-r)% seq-ry 


-Zl-x Yi [5e +6x' +9] 


EXERCISE 11.7 
1. Prove that 


j 2, 2% 2 
flet eh = LEAD? nt c9n ha 


n+l 
2. Evaluate {(a? +r/ 2 ae 


3. If 1,= ['(a- 2) de and n> 0, prove that 


__2na* 
2n+1 


Hence evaluate "(a - x) de 


180 


10. 


Integral Calculus 
. 16 U,= fx" fa? — 2 de, then prove that 
(gee) qe 
ya =2F ela 


Hence evaluate 


{x a -x? de 


. Investigate a formula of reduction applicable to 


fe (ee ae 
where m and n are +ve integers, and complete the integration 
ifm=S,n=7 


. If m in a +ve integer, find a reduction formula for 


fer Par-¥ de 
Hence obtain the value of 


fi? Pare de 


. Prove that 


eX (ixt)Pde = 5 fhe) ae 


. If U,= fe +x)? de, prove that 


3 (1¢xt)? _n-3 


U, U, 
. n-1 n-1"* 
. If I, = —= where » is a +ve integer, prove that 
(x7 +k) 
‘ x 2n-3 


(2 +k)" (2n-2)K “@n-2K 


Evaluate” 


— where n is a +ve integer. 
o Try 4 
(1+x7) 
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ANSWERS 
EXERCISE 11.7 


2. 4 x[8x* + 26a°x? +33a"] J? +a? + z a’ sin" (2) 
a 


16 , 
3. 357 
4, Ba 
* "32 


"(14x?)2" —(m=1) Iya» 


m+n+l 


where J, ,, is the given integral. 


4x? 42 } 2\% 
I= 1 
a7 ti au pares 't*) 


6. (m+2)1,=Qm+ al, , 

5 

1, = fe" Rax-¥ de, a 
2 ((n-iy 


10. —>—— 


2n-1 


—x™~' (2ax — x*)? where 


11.20 Reduction formula for f dx, where n>0O 
=|j>a 
1=f5 


= fotrtde 
(Tee 
Integrate by parts, 


f yar X 

n+l ontl 

Cal m_ pe™ 
Sh 
n-l 


This is the required reduction formula. 


d&k 


ro 
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11.21 Reduction formula for {x" (log x)" dx 
1= fx" (log x)" de 
nol 
Integrating by parts 
ids wan Det 
= (I ~~ [n(l a 
(log.x)' ~ 77 Jr (los x) Smal 


_ Bares wi fx" (log x)" ae 


This is the required reduction formula. 


11.22 Reduction formula for dx 


r= f 7 


(log x)" 


7 ol eearl 


1 


i a 


eo SE 
(n=1) (log x)" 


= fms | acme} 


(lee 
= Pais 4 mt 1 x 
(n=1) (log x)""' 1-1 “(log x 
ILLUSTRATIVE EXAMPLES 


d& 


Example 1. Prove that ["e"*x"de =|n 
Solution : 
= feta 
0 
ul 
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Integrating by parts 
= [eer] + fine e tae 


= nfo xt letde 
+ lim e“x" = tim 
ze ae gt 
-1 — 2) ore 
tim 2 Yn 2) evel 
ne . 
lim ln wg 
eg 


By applying De L’ 
Hospital's rule n times 
nl, 


=n(n-I1)1,_, 

=n(n-I)(n-2)1,, 

=n(n—1) (n= 2)... 3.2.1. 

=lah 

= la [eta 

=|n1 

=le 
Example 2. Evaluate fiz (log x)"de where m 20 and n is a 
positive integer. 
Solution : We know that 


Jr" (log x)" de ” . 

= REE a be oer 
& fix" (og x)'de 

= [heer a fe (ogay de 
> n=-—41,., 


e m+ 
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poate) 
mt) mth 
ae) _-(n-1) -(n-2) 1) 
m+) m+l om+l m+1° 
Wk, 
7 fo 
(m +1) 
_ Gye 
(m+1)" 
_ ye 
© (m+1) ai 
mee 
(m+) 
Example 3. If m and n be positive integers, prove that 
fl (log x)" de =—% fix" (log x) de 
Hence deduce that 
frogs ae Ue 
Solution : 
fix (log x)" ae 
not 
Integrate by parts 
Jl a 
=|(1 = i Acx 
[owe] - fe towr! 5 Fa 
=~ fix (log x)” ‘de Proved 
no 
Ss eBee 
__mcm-1, 
Naa male 
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HARDER SOLVED EXAMPLES 


Example 1. Find a reduction formula for pee dx and prove 


x sin mx 


that CS 
integer. 
Solution : 
We know that 
sin mx — sin (n — 2) x 
=2 sin x cos (n - 1) x 


rue nor according as n is odd or even positive 


sinnx _ sin(n-2)x 


sinx sinx 
=2 cos (n—- I)x 
aes 20s (n—1) x + St ("=2) 
sinx sinx 
sin mx sin (n-2)x 
fe & = frcos(n-1)rde+ FOU & 
sinx sinx 
jules = 2sin(n-I)x | pe .W 
sinx n-l sinx 
This is the required reduction formula. 
Let = [Sa 
sinx 
at ic cents en). + paee-= 2x 
sinx 
| From (1) 
> 
> 


Now 
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= ef [nx +n" +.. 
= h+e*[Wxt+2xr+ a +|nx"*'] Proved 
EXERCISE 11.9 


+2xr +e ]+d, 


1, Obtain a reduction formula for fran h’x dx and deduce the 
value of fan hx dx. 


2. 


If 1,= ie tan" dQ, prove that 
[leat tan ]=1 


3. Prove that 
— 1 1 
5(2q? - x? deat 2-1) 
f(x 2a - 2) 3 ("82-5 
4. Prove that 
1 sin@ n-2 1 
Faro “(a= l)cos""8* n=1 fare” 
5. Prove that 


Jeosec™""9.d9.-— 3 cot bcosec™"g 


! 2-4 
+(1-2) feose ‘dp 
6. Prove that 
£ du =n? du 
© cosh"u n- °° cosh"™*u 


jn>2 


sin x 
_2sin(n=1)x | 
n-1 


U, 


U2 
Hence evaluate 

% sin 1% oe 

sin x 
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1 
20. Evaluate 5 


ANSWERS 
EXERCISE 11.9 


12. el ae 


j2n-1a™ 


2m +1 na"*? 
[m|m +22" 


13. 


xcosx 1 
(n-t)sin""'x (n-1)(n-2)sin""* x 
n=2 x 
n-1 ?sin"?x 


20. 


vin 


12 


Beta and Gamma Functions 


12.1 Definitions 
Euler, a great mathematician, gave two definite integrals which 
after his name are styled as Eulerian integral of first kind (or First 
Eulerian Integral) and Eulerian integral of second kind (or Second 
Eulerian Integral). These integrals are of fundamental importance in 
the theory of definite integrals. They are respectively given as 
follows : 
(1) BQsm)= [x1 x) ae 
where /, m are positive numbers, integrals or fractional. 
It is read as “Beta /, m”, and 
2) Ins [oetx" ‘de, where n > 0. 
It is read as “Gamma n”. 
These integrals are known as Beta and Gamma Functions 
respectively. 
12.2 Evaluation of Beta Function 
We know that 


B(lum)= fix" (1-2) ae 


Case I. Let m be a positive integer, then integrating by parts 
taking (1 — x)"~' as the first function and x‘~' as the second 
function, we get 


B (i, m) = [o-o'4] - [-@-1)0- 
m-lF 2 
= 7 fr l-9 a& 
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Again integrating by parts taking (1 — x)"~? as the first function 
and x! as the second function, we get 


Filler, 


~ f-(m-ayap a] 


m- 8 tt 
=—: 1- de 
7 TH nak ) 
Proceeding in this manner, we obtain 
m-\_m-2 m-3 1 


Tool+t 142°" l+m-2 
[=a xe 


m-1_m-2 m-3 1 { tse } 


1 oT+l [+20 l+m-2 Ul+m-1), 
_maVm-2 m3 
To ol+) [+20 l+m-2 l+m-1 
(m-1)! 


© 1(0+1) (U4 2)...(74 m=1) 
If / also is a +ve integer, then 
(m-1)!(/-1)! 
© (=I) {U(U+ 1) (U4 2)... m=} 
(m-1)\(1-1)! 
“"(l4m-1)! 
Case Il. Let | be a positive integer, then integrating by parts 


taking x'~' as the first function and (/ - x)"~' as the second 
function, we get 


pam = [Co] «fone ta 


7 — fix) ee 
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Again integrating by parts taking x’~? as the first function and 
(I — x)" as the second function, we get 


I-1 a(x" |! 
in IL m+i } 
+ ear | 


oN E22 pyg ye! 
om mike a aa: 


Proceeding in this manner, we get 


I-1 1-2 1 [sa] 


m m+i-— m+l-2 m+i-1 |, 
_d-1 1-2 I 1 
“Tm m+ m4l-2 msi 
(i-1)! 


m(m+l)....(m+I—1) 


If m also is a +ve integer, then 


Z (1-1)\(m 
© (m=-1)!{m (m+ 
_ (¢-)(m-1)! 
*"(l4m-1)! 


12.3. Transformations of Beta Function 


10) 


BG m) =B (nD 
We have 


Bl, m) = [ix "(1- a)" de 
= fea {1-1 af ae 
[: [s@ar= [fre-na| 
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7 pe (1-x)"' de =B(m, !) 
Aliter. We have 


BCL m) = fix "(1-x) de 
[Putx=1-y -. de =- dy] 


= f0-"-i)"C-o) 
= fry ay 
=B (m, ) 

Gi) B&m= 


We have 
B (l,m) = [x'"(I~ x) "de 


vt 

(1+ x)" 
[recat oleae 
Ity (1+ y) 


Lar tore 


epee 2 
= Tp? 
2 et 
= yes ha a (I) 
[- [eae Loa] 
< t! 
“BD = wee ha ws (2) 
But 


Bm) =B (m, D 


alps 
BUm)= f Gar* 


196 Integral Calculus 


(ii) Bm) = 2 [%sin*""0 cos** "0.40 
We have 
B (hm) = [x '(1-x)" "de 
[Put x = sin? 6 ». de = 2 sin 0 cos 0 dO] 
1B (L, m= [sin 0 cos™-*0-2sin 6 cos 8 a0 
= 2 [7sin?-"0 cos*™-'0 a0 


12.4 Evaluation of Gamma Function 
We have 


tn = [let lee 


Integrating by parts taking x"-' as the first function and e~* as 
the second function, we get 


Tn = {x""'(-e*)}. - e@-? (-e* de 
= (n=1) [ete ae 
= (n-1) flere de 
(n-1)F (n=1) wo () 


Lt, ,.(-x""'e*) 


" 
c 
+ 
— 


=0 
In (1) replacing n by (m — 1), we get 
(a - 1) =(n- 2) T(@- 2) ws (2) 


From (2) putting the value of F'(n — 1) in (1), we get 
In =(n- 1) (n-2)T(-2) 
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If n is a +ve integer, then continuing this process, we get 


Tn =(n-1) (1-2) (1-3) ITT 
But Th = [lets ae {putting n = 1 in Tn) 
= [eva 
o 
= Ce" 
=1 
Tn =(n-1) (n- 2)... 1= (1-1)! 
Thus [n=(n-1)P(n-l) Van 
and [In=(n-1l! [if n is a +ve integer] 


12.5 Recurrence Formula for Gamma Function 
We know that for all values of n, 
In =(n-1)T (-1) 
Replace n by n + 1, we get 


T(n+ l)=ntn 


This is known as recurrence formula for the gamma function. 
12.6 Generalization of Gamma Function 

Applying the process of analytic continuation, we can generalize 
I'n for n < 0 by using recurrence formula in the form 


a T(n+1) 


‘Two values 
(i) Put on = 


_ &)! [r(p+1)=plp¥p] 
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Aliter. We know that 


fa "iam 30<n<l 
Put =y 
ws =ytye 
. ox(le 
iF 
(1-y)I-y(-1) 1 
ace aia eal ad 
a ws er ad 
: f Pinas 2 
hoy” 
= fxs) 


= fee 


" 


_ PnP (1-n) 
~ Tl 
= InP(I- n) 
12.10 Duplication Formula 
If m is positive, then 


1 
vmr(me3) «22 
Proof. We know that 
B(m, n) = 77 


201 


[-rt=1] 


we (1) 
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9 esl _ ImIn 
> 2f sin™~'@cos*"'@d@ = (msn)i we (2) 
Putting 2n - 1 = Oie.n= ; in (2), we get 
1 
T'mT= 
2f%sin"'0d0 = ——2, 
rns) 
m+ 2 
> 2[%sin='0.a0 = — (3) 
r{m+3) 
Again putting m = m in (2), we get 
tnt ant = mim 
2f° sin’”~'@ cos" "'0d0 F(m+m) 
thoim-tgin?®!Q coreg = Le 
2555 7 22 Bcos**-'8d8 = Ty 
2 ; ant (Im) 
sas [sin 6089) 0 = Tomy 
2 Kemet _ my 
> = Jf sin?! 20 a6 Tom) 
Put 20 = 6, so that 240 = db 
(Cm) 
ieatg ah 
cs ae $40 = Om 
pan (Pm) 
=> = 7 2 sin” "odo = T@m) 
sean - (Em)? 
7 einrm-l yd a 220-2 es 
ai pn at Tm” 


From (3) and (4), we obtain 
Imvx _ 2"-2(Tm)* 
P(2m) 
ar(m + 3) 
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Multiplying the two values of P, we obtain 


rfdn-sipan 


n 


in % gin 2E 
sin— sin— sin— 
n n n 
5 (1) 


2. an. 
sin —-sin —-sin —.. 
n n n 


Now we know that 


sin nO _ on sin (o+2)sin (0 +28) 
sin® n n 


Taking limit as 8 — 0, we get 


sin n8 
HS. = Lty_,> —— 
LHS. = Meso ing 
sin n® 8 
= Ly nf beaten l= 
122 nf 2} cae 
In limit 
n= 2'sin ®-sin22-sin 3. Lal 
n n n 
.m . Qn n 
=> sin=-sin— = pe 
n n 
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From (1) P? = 


> P= 


12.13 To evaluate the integrals 
fe“ cos bx x"~'de 
and fre* sin bx x""'de 


We know from 11.7 (i) that 


Put z= a—ib 
[lee tae __Im 


(a- 


___ Fm(a+ib)" 
¥ (a- ib)" (a+ ib)" 
_ Tm(a+ib)” 
7 (?+ey 
> fleet de = Tin(a + iby” 
(a +87) 
Put a =r cos 0, b=rsin® 
then 
and O= war'(2) 
a. 


7 T'm(a? +b) [cos 0 + isin 0]” 
et dk = 
f (a +b)" 
> [fox (cos bx + i sin bx) de 
__ Tm (cos mO +i sin m0) 


(@ +B)? 
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Equating real and imaginary parts, we get 


[lertxt "cos be de = Tmcos mo = 
(a +08)? 
and flewet sin bx dk = Js was (2) 
(a? +8*)”? 
where @ = tan” (2) 
a 
Deductions : Put a = 0 so that 6 = 1/2 in (1) and (2), we obtain 
= wel Tm mn 
fe cos bx dx = ohare 
ites Tm mn 
and f° x""'sin bx de = sin 


12.14 Toevaluate “cos (6x’@)dx 


Let Is [feos (oe’*) de [Put x =2" 
. de =nt-! de] 
T= [cos (bz) ne"“'de 


= nf. 2" c0s (bz) de 


12.15 Toevaluate {sin (6x”)ax 


Let I= fisin (ox) ae [Put x =z" 
a ’. de = nz"! dz) 
I= nf. sin (bz) 2""'de 
‘= nit sin nt 
2 
= e+), 


8 
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: ILLUSTRATIVE EXAMPLES 
Example 1. The value of In I'(1 — 7) is 


@ BG, 1) Gi) B @, 1 - n) 
(iii) B @, 1 - 2n) (iv) B (1-1, 1-7). 
Solution : 


The value of In I (1 - n) is B (nm, 1 - n) 


Example 2. The value of f[era is 


jn (ii) # 
(iii) Jr (iv) ed 


Solution : 
The value of fier de is a 
Jo 2 
Example 3. Express fix (-x) & in terms of the beta 


function, and hence evaluate fix (1-2) de. 


Solution : 
fr -x)' a [Put x =y 
rs y™ 
dy = 1 yew] 
n 


22 [yyy 
oe ee aD 


“(ten 


Put m = 5, n = 3, p = 10, we get 


fix (-r)°ae = $5(2#4.10+1) 
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_ 1100)! 
~ 3(12)! 


Example 4. Evaluate r(- +), r(- 3), r(-3) 


Solution : We know that 


3 
TnP(l-n) = aan 


ww (I) 


(i) Put m= — 2 in (1), we get 


=— =-2Vn 


1 
svn 


Git) Put n =—3 in (1), we get 
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1 (7 
-¥) 
7 \2 
531 pl 
22 2 
2 
_ Sve 
~ 1024 


Example 7. Prove that f'x*(1 -s) aad. 
Solution : 
fe -x) de = fea) 
=BG, 4) 


_ 2.1)GB.2.1) 
~ (65.4.3.2.1) 


a x? 
Example 8, Evaluate f Vaan” 
an-x 
Solution : 


2u1 
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Example 11. Show that 


( [sin'*-'@cos*"' 040-2 


20 (m+n) 


(ese 


ay (hes 
(ii) ii sin’ @ cos’ 6 d6 = PTET 
(eee) 


Solution : 
ji) [sin?*-' 0 cos*-'0 a0 
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Example 12. Show that 
wr(22)r (27). Ver (p+), 


Solution : By Duplication Formula, we know that 


veT (2p) 


1 
rood) «Bt 


Replacing p by ee we get 


ee) 


> ar(2et)r (22 2) = VeT (p+) 


Example 13. Prove that 
B (m, n) = B (m + 1, n) + B (m,n + 1). 
Solution : 
R.H.S. 


B (m + I, n) + B (m,n + 1) 

P(m+i)Tn | Tm0(n+1) 

T(m+l+n)~ T(m+n+l) 
mImIn Tm ntn 


~ (m+n)T (m+n) (m+n)T (m+n) 


TmTn m n 
qt 
T'(m+n)|m+n mtn 
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_ _ImIn 
~ T (m+n) 
=B (m, n) 
r I 
Example 14. Prove that [=> d= a D e>t. 
Solution : 
2x 
Let -[se 
= [i xctde 
lo 
= ff xe" log, de [set =e" log,c] 
[Put x log. c=y 
cde log, c = dy 
dee | 
log, ¢ 
-f{ Yo gv 
* (log.c) los. 
U <, 
“ta flerxw 
7 * erylerNldy 
(log, ¢)°"" 
_ Fe+) 
~ (log, c)'*' 
Example 15. Evaluate 
 reti=2*) 
@ Ca 
2 x'(1+x°) 
ay fF (ax 
Solution : 
ex(l-x® 
1) sp 
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Put n = 10, we get 
(2x)? 
TALT273.....0.9 s—=— 
“Vio 


Example 17. Show that 


gue ra sin x de =n. 
i sin x od 


Solution : 


Ce PN a 
= [sin Mx de [Bsn x de 
= [Esin°P' x cos V8" ede 


x [sin 2" x cos V9" x de 


sin x x 


1(i 1) i 3.3) 
- (3 6(3.5 
piph’. rset 
-l 42 142 
24 t+) 2 r(3+2) 
472 4° 2 
1 3 
Sep 
2 ps2 |S 
r FJ 
4 4 
rx 
fei 
ar 
4 
rhein 
4 
altel 
44 
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Example 18. Prove that 


Or ile Or 
Solution : 5 
{- 
Paes) 
> d= ; sin’? 6 cos 6 a0] 
fe y,sin 0-1 sin’? cos 8d0 


1 Jo cos @ 


" 


1 sin’ 0.40 
zh 


= a [i sin?2"" 6 cos"4)""9 do 


220 Integral Calculus 


-f—& 
a Cy 


[Put x = tan? > 

2 =tano 

x =tan’? > 

i de = tan? § seo? § ab] 
Lys 

Z ie 2 sec? odd 


sec 


pple [isin°V a cosa da 
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1 Defi 
=a Gs) 
11 
r-r- 
alo 4-2 
2y2 op ( 1 ‘) 
a|-+= 
(+2 
| 
rors 
«+42 
2V2 op3 
4 
ri 
la 
4V2 3 
4 
var2 Jert 
the + 3 
ro 4y2r= 
mule 
4V2 
Example 19. Show that 
yo 
———_ dk =B (m,n). 
Care Ee) 
Solution : 
nly eel 
(z ee tee 
° (1+ x) 


“gees ip 


In the second integral. 


Put x= 
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ws (2) 
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ae sacs @cos/4"' 9 do 


— 
bel 
ot 


aN 
Ra 
_— 
afon 
winiels 
oy 


ee wi 


a 
R 
4 


lem 
= 

- 
RAG 


jo 
= 
wie 
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» 
oS 
4 
— 


x = sin” @ 


= 3 sin’? @ cos @ dO} 


2 sin 
43 sin ” @cos0d0 


[sin?¥9-* @cos"4)"" 9 a0 


lo 


4 

wot 
4 

i= 


aie 
+ 

vi- 

aa 


4 


Jot 
4 


» 
o 
4 
alelai— 


alu 
= 


4 
jel 


Ny, 
x 
& 
Bak 
= 
Ni 
— 


al 


_— 
> 

Nis 

— 
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Le 


13. 


14. 
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» Prove that 


r(3+x}r(2-x) = (j-#)nseemn-1<20<1 
2 2 4 


. Prove that 


. Prove that 


BC, m) B(I + m, n) = BOn, n) B(m +n, I 
= BQ, D Bin + J, m) 


. Prove that 


i TmInlp 


BC, m) BOL + m, nm) BU + m +m P)= TO ene p) 


Prove that 
Bd, m= 5 LL (ay ex) Jae 
Prove that 


” yy - Fol eet) 
[Pe (pt xt) ae = ; Ger 


» Prove that 


[[(a-xy te de = a 'B (mn) 
Prove that 
£(i-2) = n' B(t.n +1) 
Prove that 
[ie-ay "(=x)" = (6-0) B (m,n) 


. Prove that 


hi 


aor NS 
(a) [fre Cala 


(b) [ita sro 
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16. 


19. 


20. 


21. 


(c) [4 xe" de= rs 


@ [tera S 


© fe x'e"de =120 
Prove that 


woay 
tne { (toe) dx,n>0 


}. Prove that 


tod 
Nr" 


}. Prove that 


oo 
fe'(os+) de = m,n >0 
4 x n 


Prove that 


f0-x)*ae= 


zI- 


Prove that 


So (te!) 


Prove that 


@ [[(4-¥)*ae=3n oy ee 


* :< 
© le “3B lies 242 
2 
3 


© ~we- 


o fi» 
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22. 


23. 


24. 


25. 


26. 


Integral Calculus 
Prove that 
% % 
§? Jean a0 = [” Jeot6 do 
ak, 
“2 
Prove that 
1 
lig ct (r ‘ 
x3 Yacos* 0+bsin‘® aaa)! 3 
(Hint: Put tan 6 = x and then bx* = = 
Prove that 
re 
msl 
© [o% 
o ff cos xe = 4 
Show that if n > -1, 
(e 
[verde - 42, 
lo 2a" 
Hence or otherwise show that 
feta 
Js 7 
Prove that 
mt 
B (m,n) =a"b" ee. 
(mn) f (ax +5) 
and deduce that 
( sin*-'0 cos*-'@ _ Bn) 
° (asin? 6 +b cos? ai 2a"b" 


[mt B(m,n)= it ore yes ;| 
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27. Prove that 
TxP(1-x)=mcosec (nx) ;0<x<1 
and deduce that 
i I 
files Pedr => log 2n 
: 1 1 
[Hine T= [flog Px de, then J = flog rt (1-x) de 
n 


: fi(tog r+ tog r(1 ~1))de=3 fit0g 


sin 1m 
ANSWERS 
EXERCISE 12.1 


4] 
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13 


Determination of Areas 
(Quadrature) 


13.1 Quadrature (Definition) 

The process of finding the area bounded by a given curve is 
called Quadrature. 
13.2. Area Formula for Cartesian Equations 


To prove that the area bounded by the curve y = f(x), the x-axis 

and ordinates x = a, x = b is 

[yee 
where y = f (x) is a continuous single-valued function and y does 
not change sign in the interval a < x < b. 

Let y =f (x) be the equation of curve 4B. Let CA and CD be 
two ordinates at x = a and x = b respectively. 

Suppose y is an 
increasing function of x 
in the interval a <x <b. 

Let P (x, y) be any 
point on the curve and 0 
(x + dx, y + dy) be a 
neighbouring point on it. 
Draw their ordinates PM, 
QN. As x changes, the 
area ACMP also changes 
and hence is clearly a 
function of x. 


Y 
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Let A denote the area ACMP, then the area 
ACNQ = A+ 6A 
so that area PMNQ = 6A. 


Complete the rectangle PROS. Then the area PRQS lies between 
the areas of the rectangles PMNR and SMNQ, i.e. 5A lies between 
y8x and (y + dy) dx. 


Dividing throughout by dx, 2 lies between y and y + dy. 
In the limiting position, when QO — P, 5x > 0 and Sy > 0. 
Ly woe lies between y and Lty_,.(y + 5y). 


4 lies between y and a quantity which tends to y. 


aA _ 
ze y 
Integrating both sides wrt. x from x = a to x = b, we have 
dA 
[iva = [ak 
= lak 
= (value of A when x = 5) 
— (value of A when x = a) 
= area ACDB - 0 
= area ACDB 
Hence, 


. 
area ACDB = [ yd 


Note 1. The area bounded by the curve AB, the ordinates at A 
and B, and the x-axis is often called ‘the area under the curve AB’. 


Note 2. Sign of the area. We know that if y = f(x) > 0 over 
the range a < x < b, then the area [f@a is +ve and if 


y =f (x) <0 in the range a < x < 4, then the area [fed 


is -ve. The curve y = f (x) in this case lies below the x-axis over 
the range a < x < b. Thus we consider the areas below the x-axis 
as —ve. 
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By the area in such cases, we mean the numerical value of the 
area. 


13.3 To prove that the area of the curve x = f(y) between y-axis 
and the lines y = c, y =d is given by 


[x 


Let x = f(y) be the equation 
of curve AB. Let CA, DB be the 
abscissae at y = c, y= d 
respectively. 

Let P (x, y) be any point on 
the curve and let Q (x + dx, 
y + 5y) be a neighbouring point 
on it. 

Draw PM, QN 1” on y-axis from P and Q. 

As y changes, the area ACMP also changes and hence is clearly 
a function of y. Let A denote the area ACMP and A + 5A denote the 
area ACNQ, so that 

area PMNO = 6A 

Complete the rectangle PROS. Then the area PRQS lies between 
the areas of the rectangles PMNQ and PMNS, i.e. 5A lies between 
xby and (x + &x) dy. 

Dividing throughout by dy, we have 


4 lies between x and x + x. 
In the limiting position, when Q — P, then 5x > 0, dy — 0. 


% Ly ope lies between x and Lt, ,, (x + 5x). 


i.e., — lies between x and a quantity which tends to x. 
=x. 


Integrating both sides between the limits c to d, we have 
ddA 
xdy= [Sdy=lak 
[xo= [Fo 
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2 320° [sin' @ cos? 6 do 


Example 2. Find the area of the curve y* (2a — x) = x’ between the 
curve and its asymptotes. 
Solution : The equation of the curve is 
¥ Qa-x=x + (1) 
to trace the curve roughly to find the limits of integration. 
(i) The curve is symmetrical about x-axis, 
(ii) The curve passes through the origin. 
(iii) The tangents at the origin are y = 0 or y = 0, y = 0 i.e. 
origin is a cusp. 
(iv) The curve meets the x-axis at the origin only. 
(v) The equation of asymptote is x = 2a. 
(vi) The equation of the curve can be written as 


x 


2a-x 
which shows that for the values of x > 2a, y is imaginary 
i.e. the curve does not exist for values of x > 2a. 


Similarly the curve does not exist for negative values 
of x. 


(vii) Also as x > a, y > @. 


Thus the shape of the curve is as 
shown in the figure. 


Hence, required area 
=2 Area OAB 


= 2fl var 
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Hence the parabola meets the x-axis at O (0, 0) and A (2, 0). 
Thus the shape of the curve is as shown in the figure. 


Required Area = five 


= [@x-x) ae 


Example 4. Show that the area cut-off a parabola by any double 
ordinate is two-thirds of the corresponding rectangle contained by 
the double ordinate and its distance from the vertex. 
Solution : Let the equation of the parabola be 

¥ =4ax = (I) 
and that of the double ordinate PP’ be x = c. 

The curve is symmetrical 
about the x-axis and for the 
part of the curve above the 
x-axis (taking +ve sign before 
the square root) from (1), we 


have 
y = V4ax 


Area cut-off the 
parabola by the double 
ordinate PMP’ 


= Area PAP’ 
= 2 Area PAM 


= af ya 
= 2f Vaax dx 
= 2 2Va Vr de 
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Now, for the area CAB, x varies from 0 to a and from (1). 
y 2 sx 
Bole 


y= 4 la? — x? [Taking +ve sign before the radical] 


w. Area CAB = [yde 


~. Whole area of the ellipse 
= 4 area CAB 


2) 


= nab 
Example 6. Find the whole area of the astroid 
xP + P= a 
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Solution : 
The equation of the astroid is 
+ =a v= (1) 


to trace the curve roughly to find the limits of integration. 
(i) The curve is symmetrical about both the axes. 
(ii) The curve does not pass through the origin. 
(iii) The curve meets the x-axis where y = 0, hence putting 
y = 0 in (1), we get 
x =g? 
or Yaa 


& x=ita 
i.e. the points of intersection with x-axis are (a, 0), (- a, 0). 
Similarly the curve meets the y-axis in the points 

(0, a), (0, - a) 

(iv) from (1) 

yo =a? - w+ (2) 
Now if|x|>a@ 

y” is —ve 

¥ is also —ve 
and hence y is imaginary. 
.. There lies no portion of the curve beyond the lines x = + a, 
Similarly, there lies no portion of the curve beyond the lines 

yota. 


From (2), when x = 0, y = a and as x increases from 0 to a, y 
decreases from a to 0. 


Hence the shape of the curve is as shown in the figure. 
Since the curve is symmetrical about both the axes, 
-. Whole area of the curve 

= 4 x Area under the curve in the first quadrant. 
ie., Area ABCD 

= 4x Area OAB. 
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Now for the area OAB, i.e., area under the curve in the first 
quadrant, x varies from 0 to a. 


Now, from (1), 7? = a - x 
y= (@? — mye 
v. Area OAB = [yde 


= [[@? 29)" ae 
[Put x =a sin’ 0 
~. de = 3a sin’ 6 cos 6 dO 
when x = 0, 8=0 
when x = a, 6 = n/2] 


= [8 (@? - a? sin?0)"” 3a sin? 0 cos 0 d0 
= [%a(1~sin* 6)" 3asin® 6 cos 640 


= 3a° [7sin®@ cos‘ 8 do 


Determination of Areas (Quadrature) 243 


in 8 cos 6 (1+ sin @) 
= 2a SiN COST SY) 
{y cos @ 2 


= 2a fi,sino(! +sin 0) do 
“R 


1-cos 20 
—— | dt 
2 ] 


= 2a f,[sines 
“? 


A ° 
= 22'[-cos0+ +(0-# )) 
2 2 % 


~ 20 {-coso +4 (0-0}}-{-con(-) 
nee 


" 
oa 
' 
+ = 
la 
of 


2 
42 
= oto) numerically [-2<4] 


2 
Hence the area of the loop is F(4-). 


Example 8, Find the area of the curve 
x7 (x? + y?) =a? (7? - x) 
between the curve and its asymptotes. 
Solution : The equation of the curve is 
x7(x? + y?) =a? (? - x7) = (I) 
to trace the curve roughly to find the limits of integration. 
(i) The curve is symmetrical about both the axes. 
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(ii) The curve passes through the origin and the tangents at the 
origin are given by y? — x? = 0 or y = + x. The tangents 
being real and different, origin is a node. 
The curve meets the x-axis and y-axis both only at the 
origin. 
(iv) Equating to zero, the coefficient of y* in (1), the asymptotes 

parallel to y-axis are given by 

¥-P=0 

or, x=sta 

The curve has no other asymptotes. 
(v) From (1), 

YP (@- x) =x? (2? + a?) 


- (2) 


When | x | > a, y is imaginary. 

~. No portion of the curve lies beyond the lines x = + a. As x 
increases from 0 to a, y increases from 0 to «. 

Thus the shape of the curve is as shown in the figure. 


By symmetry, required area between the curve and its asymptotes 
= 4 x Area between the curve in first quadrant 
and its asymptotes 


=4 [yd 
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(iii) The curve meets x-axis in the point (0, 0) and (3a, 0) and 
y-axis at (0, 0). 
Shifting origin to the point (3a, 0), the equation (1) 


transforms to 
¥ (a + 3a + x) = (x + 3ay (3a - x - 3a) 
or V(x + 4a) =- x (x + Bay 


.. The tangent at the new origin is x = 0, i.e., the new 
y-axis [Equating lowest degree terms to zero]. 
Hence at the point (3a, 0), the tangent to the curve is 
parallel to y-axis. 

(iv) Equating to zero the coefficient of )” in (1), the asymptote 
parallel to y-axis is given by 

x+a=0 

There is no other asymptote of the curve. 


(v) From (1), 
a-x 
ye ‘os w+ (2) 


[Taking +ve sign before the radical] 
When x > 3a or when x < — a, y is imaginary. 
Thus the curve does not lie beyond the lines x = — a, x = 3a. 
As x increases from 0 to 3a, y first increases and then decreases 
to 0. 


Thus there is a loop between x = 0, x = 3a. 


Again, as x decreases from 0 to a, y also decreases from 0 
to - ©, 


Thus the shape of the curve is as shown in the figure. 


For the loop of the curve x varies from 0 to 3a and for the area 
of the curve between the curve and the asymptotes, x varies from 
-atod. 


«. Area of the loop 
= 2 x Area of the upper half of the loop 


= 2p yde 
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=2["x sim ax [From (2)] 


[Put a - x = 2a cos 8 
<. de = 2a sin 0d 
when x = 0, 0 = 1/3; 
when x = 3a, 0 = 


i 2a + 2a cos ® : 

=2 —2a cos 0) |22 +2228" 94 sin dd 
fla aco) 2a-2ac0s@ 

= 4a? hy (2-2c0s 6) 6080 sin do 


Zi l+cos@ jl+cosO . 
fe fc 05 8) 08 8 Teese? 
x 1+cos@ 
4a* fi (1 ee er) 


4a hi (1-2 cos @) (1+ cos 6) de 
4 


sin@d0 


W 
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= 4a? Ji,(1- cos 6 - 2c0s*0) do 
% 


4a? J [1 c0s 0 ~(1 + 605 28)] 40 


-4a Jf, (cos 28 + cos 8) do 


-4a’ [2822 sino] 
2 


54 
= -42'[0-(Isin2 +sin2)] 
= 4a [2 ao +4). 33a?  B) 


area between the curve and its asymptotes 


= 2 x area between the curve and its asymptotes 
above the x-axis 


sifie 
= 2 f° x PA ae [From (2)] 
a+x 
a2f'x 2a + (a-x) a 
2a- 2a-(a-x) x) 
[Put a - x = 2a cos 0 
-. dx = 2a sin @ d@ 


when x =-a,0=0 
when x = 0, 0 = 1/3] 


= 2 [7(a-2a0s8) set nasin odo 


= 40° [P(1- 206) est oa 


= 4a? [*(1-2¢05 )(1+c0s 0) 9 
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or » (1) 
[Taking +ve sign with the square root] 

Now, S = Sectorial Area OPA 
= Area OMP ~ area AMP ve (2) 
++ (3) 
[-04=a] 


= Ene —feme(3)] 
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and from (1), 


EXERCISE 13.1 


1. Find the area enclosed by the curve y = 3x — x?, x-axis and the 
lines x = 0 and x = 3. 

2. Find the area enclosed by the curve y? = x and the straight line 
x=4, 

3. Find the area bounded by the parabola y = 2x — x? and x-axis. 

4. Find the area bounded by the curve y = c cosh x/c, x-axis and 
the ordinates x = 0, x = a. 

5. Find the areas bounded by the x-axis, the following curves and 
the specified ordinates: 
(a) y=eyx=0e,x=d 
(b) y = log x; x = a,x =6(b>a> 1) 
(c) y = sin? x; x = 0, x = W/2 
(d) xy = 
(©) y= xe"; 


x=c,x=d 


=O,x=a 


2 
(0) ya Stra x= 10. 
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13. 


2 
. In the ellipse —-+=> 
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. Find the whole area of the circle x? + > = a’. 
. Find the whole area of the curve y? = x (4 - x). 


Find the whole area of the curve ay? = x? (a? — x). 


. Find the whole area of the curve a’*y? = x° (2a — x). 


ind the whole area of the curve a’x? = y’ (2a — y). 


. Find the area of the parabola y* = 4ax bounded by its latus 


rectum, and find its ratio with the area of the circle of 
radius a. 


. Find the area of the loop of the following curves : 


(a) P=(-2)@-4P 
) x +y)=a(e-y) 
© @ PY =x (b+x) 

(d) ay = 2 (a - x) 

(©) P= (atx) 

(f) a = @& - a) & - SaP 
(g) 3ay? = x (x - af 

Find the area between the following curves and their 
asymptotes : 

@) ry =a (7 - x) 

) x@+yY)=ae-y) 
(c) ¥(a-x)=xr 

(d) x = 4a? (2a - x) 


|. Trace the curve aty = x° (2a — x) and prove that its area to 


the area of a circle of radius a is 5 : 4. 


. Show that the ordinate x = a divides the area between 


¥ (2a - x) =x and its asymptotes in the ratio 3n-8 : 30 +8. 
2 
Pd 


2S 
ate 1, prove that x = a cosh 2’ 


yebsinh2® where S is the sectorial area bounded by the 
ellipse, x-axis and the line joining (0, 0) to (x, y). 
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ANSWERS 
EXERCISE 13.1 
is 2 
_ 25 
3. $ 4. ésinh( 2) 
e 
5. @ &-e ) bog(2)-atoe( 2} 
@ (@) #log4 
c 
Le. 1096 
@ le -1) oT; 
32 
6. ae 2 = 
4a’ 
a 9. na? 
8 a9 8 o% 
10. na u, $424, 5.2 
32V2 @& 
12. @) A> > (4-7) 
32 hgh 8a° 
©) jog *4* O75 
32% 256 2» 
() Tos” ; (0) 157 
aa 
® 55 


: 
13. @) 4a) F(R+4) 3x?) ra? 


13.4 Area between Two Curves 
The area bounded by the curves y = f (x), y = 6 (x) and the 
ordinates x = a, x = b is 


[20 of upper curve - y of lower curve) dx 
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Let APB, AQB be the curves 
¥=f@)¥=O@) 
respectively and MA, NB be the ordinates x = a, x = b. 
-. Area APBQ between the two curves 
= Area AMNBP — Area AMNBQ 


= [r@ae- [ora 
= [YL @-eae 
« fb of upper curve ~ y of lower curve] dx 


OM Nx 


ILLUSTRATIVE EXAMPLES 


Example 1. Prove that the area common to the two parabolas 
2 


x? = day and y = 4ax is pe 
Solution : The equations of the two parabolas are 
x = day we (I) 

and Y =4ax ws (2) 

Both the parabolas have their vertices at the origin. Their axes 
are along OY and OX respectively. 

Solving (1) and (2) {eliminating y from these], we have 

xt 
Tew = 4ax 
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Example 2. Find the area common to the circle x? + ? = 4 and the 
ellipse x° + 4 = 9. 

Solution : Let P be the point of intersection in the first quadrant, 
of the circle and the ellipse, as shown in the figure. Draw MP 1 
x-axis. 


Eliminating y° from the two equations of the circle x7 + y? = 4 
and the ellipse x? + 4y? = 9, we have 
2+4(4-x)=9 
or, 3k =7 
which gives 
7 
x= ftw 
[Rejecting —ve value, as P is in the first quadrant] 
Now for the ellipse 
yaa -# 
and for the circle 
yry4-x 
Since the ellipse and circle are both symmetrical about both 
the axes. 
.. Required area common to the circle and ellipse 


= 4 x Area common to circle and ellipse in the 
first quadrant 


=4 x Area OAPB 
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Solution : The equation of the circle is 
x+y? = 64a? w (I) 
Its centre is (0, 0) and radius is 8a. 
The equations of the parabola is 
¥ = Wax we (2) 


Its vertex is (0, 0) and latus 
rectum is 12a. 

To find the points of 
intersection of (1) and (2), 

eliminating y? from (1) and 
(2), we get 


x? + I2ax = 64a? 

or =x? + I2ax ~ 64a? = 0 

or (x + 16a) (x - 4a) =0 

or x =- 16a, 4a 

But x = — 16a is inadmissible because when x = -16a, from (2), 
y is imaginary. 

". x = 4a, gives the abscissa of C, the point of intersection. 

If the circle meets the x-axis in the points A and A’, then these 
point are A (8a, 0) and A’ (-8a, 0). 

*. Required shaded area 


= Area of circle - Area of COC'A w- (3) 
Now, area of circle 

=n (8a? 

= 64na? we (4) 


and 
area COC'A = 2 Area COA 
= 2 (Area COM + Area MCA) 


= 2 [of parabola) ax 
+ [50 ofeircte) de] 


a [Vidar de + J Jaa ar] 


" 
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: 
= 2Via| > +2[bx eat 
yak oot 
+— sin! — 
2 8a Jaa 


= 22¥i a (4a) +2[0+32a?sin"(1) 


— 2a ¥48a* - 32a? sin 5 


= Gat +2[320'-4 2-8 3a? - 320? 4 
-|4- 16,8] +32atn 22m 
16, 64na* 

=R as 

= 162" (5 +4n) 28 (5). 


Putting the values from (4) and (5) in (3), we get the required 
shaded area 


= 64 na? ~162 (Vi + 4x) 
1 (gt) 


162" (gn V3) 


Hence the result. 


EXERCISE 13.2 
1. Find the area included between the curves y? = 4bx and 
x? =!4ay, 
2. Find the area included between the parabola x? = 4ay and the 
curve y (x? + 4a?) = 8a’. 
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2345 44% 22 | 9m in(1) 
4. a'(s5+42) 6. H+ 9sin'|s 


1 
% 25— 
3 


13.5 Area Formula for Parametric Equations 
(i) The area bounded by the curve 
x=f0,¥=90, 
the x-axis and the ordinates at the points where ¢ = a, 
t=bis 
a& 
= dt 
The parametric equations of the curve are 
x=f(0, 
y=o) 
-. Required Area 


= [yd 


de 
= fvGa 
= Leora 


(ii) The area bounded by the curve x = f(#), y = (0), the y-axis 
and the abscissae at the points where ¢ = c, ¢ = d is given 


by 
[sta 


13.6 Area Formul: for Polar Equations 
The area bounded by the curve r = f (8) and the radii vectors 
0=a,0=B8is 
fitrae 
a2 
where r = f (8) is finite, continuous, and single-valued function of 
@ in the interval a < @ < B. 
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4 lies between ie and a quantity which tends to 3A. 


dA 1, 

aw 1, 

de 2 
Va 4 9 -(alt 
3" 8 = \.40 he 


= (Value of A when 6 = B) 
— (Value of A when @ = a) 
= Area OAB- 0 
= Area OAB 
Hence, 
1 ps 
=> |rde 
Area OAB 2 fr 
Note 1. In some cases, it is more convenient to transform a 
given cartesian equation into polars rather than to solve for y. In 
such cases the above formula is applied after changing to polars. 
Note 2. Determination of the limits of integration. 
(i) In case of a loop, the limits of integration for finding its 
area are two successive values of @ which make r = 0. 
(ii) If the curve is symmetrical about both the axes, the integral 
must be evaluated fom 0 to x/2 and the whole result be 
multiplied by 4. 
(iii) If the curve is symmetrical about the x-axis, i.e., initial line 
only, the integral may be evaluated from 0 to m and the 
whole result multiplied by 2. 
13.7 Area between Two Polar Curves 


The area bounded by the curve r = f(@) and r = F (@) and the 
radii vectors 8 = a, @ = B is 


ol 
{@ -m)d0 
where r, is the ‘r’ of the outer curve and r,, the ‘r’ of the inner 
curve. 
Let AB, CD be the two given curves r = f (0) and r = F (6) 


respectively and OCA, ODB the radii vectors @ = a, 8 = B 
respectively. 
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The cycloid is symmetrical about the y-axis, and the base is the 
line AB parallel to x-axis and at a distance 2a from it. 


For the half of cycloid, @ varies from 0 to 1. 
The area between the curve and its base 


= area BOA 
=2 area OCA 
= 2% 
= 2fix,40 
= 2f'a(0+sin 0) (asin 0) do 
= 2a" ["(@sin 0 + sin’ 0) do 
ae 1—cos 20 
= 2a? ["0sin 0 dO + 2a° [4 
= 22? | {0(~cos f° - {71(-c0s0) 40] 
[2 2] 
+a’ 
2 b 


= 2a*[{(-0cos 8); + (sin 6); | 
+a°[—sin 6 cos6]> 
= 2a°[-n cos x] + a* (x) 
=2an + an 
=3an 
Again, area between the curve and x-axis 
= 2 area OAL 
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ay as 2 (si 
= 4[?bsin’ ¢-3ac0s"1(-sin ) dt 


= =12ab {7 sin*s cos? «dt 


" 


2 nab (numerically) 


Example 3. Prove that the whole area between the four infinite 
branches of the tractrix 


1 t e 
x =acost+ 77 log tan? y= asine 


is na’. 
Solution : The equations of the curve are 
a t 
= + = log tan? — we 
x =acost+ > log 7 (1) 
yeasint we (2) 


(i) Since x is an even function of ¢ and y is an odd function 
of #, the curve is symmetrical about the x-axis. 
(ii) Putting y = 0, we have a sin = 0 or ¢ = 0. 
But ¢ = 0 does not make x = 0. 
Hence the curve does not pass through the origin. 
[sin ¢] <1 
lylsa@ 
.e., the curve lies between the lines y = + a. 
(iii) When y = 0, ¢ = 0, which makes x infinite, ic., if x > ©, 
y7 0. 
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(iii) The curve meets x-axis where putting y = 0, we have 
at(1-f)=0 

* t=Oorl,-1 
When 1 = 0, x = a; 
When ¢ = #1, x = 0. 
Thus the curve meets x-axis in the points (0, 0) and (a, 0). 

(iv) she curve has no asymptotes, i.e., for no value of t, x 
(or y) tends to « and y (or x) tends to a finite quantity. 


(vy) 


=~ 2at 


=a(l-3f) 


dy/dt 
de/ dt 
1-37 
a 
3-1 
2t 


a(S &|S 81h 


Now & = 0 when 3-1-0, ie, 124-4 


Be 
When = +e geo ts 
near Sala banal” iat 
2 2 
Thus at the points | —a,+—~=a| the tangent is || to x-axis. 
poi (3 om) ingent is || to x 
dy 


Again me? when ¢ = 0. 

Now when ¢ = 0, x = a, y = 0. Thus at the points (a, 0), the 
tangent is 1 to x-axis. 

Also x $ a always. Thus no portion of the curve lies beyond the 
line x = a, 

As 1 increases from 0 to 1, x decreases from a to 0 and y first 
increases from 0 and then decreases to zero. 

Again as > », x + -o and y > -@, 
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The shape of the curve is 
roughly as shown in the figure and 
for the upper half of the loop, ¢ 
varies from 0 to 1. 


:. Required area of the loop 


1 de 
=2 fae 


2 fia (1-7) (2a1) de 


= 4a? f'(? - 1) at 


w 

i) 

= 

s, 
—~ 
we 

1 
wl 
ped ldo 


' 
\ 
> 
gas 
aie 
\ 
ai= 
il bev 
1 
\ 
WIS 


Example 5. Show that the area bounded by the cissoid 
asin’t 


x=asirty= 
7 “cost 


2 


and is asymptote is 


Solution : The equation of the curve are 

sin’t 

cost 

to trace the curve roughly to find the limits of integration. 
(i) Since x is an even function of ¢, and y is an odd function 

of t, the curve is symmetrical about the x-axis. 

= 0 gives sin’¢ = 0 or ¢ = 0 which also makes y = 0. 
.. The curve passes through the origin. 

(iii) The curve meets both the axes only at the origin. 


x=asint,y=a 


(I) 


(ii) 


(iv) ie = 2a sin ¢ cos ¢ 
dt 
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:. Required area between the y 
curve and its asymptote 
= 2 x Area of the 
upper half of the curve 


=2 PyFa x 


=2 ast sat Seer asin cost dt 


= 4a (aera 
2318 
“4722 
3na* 
a 
Example 6. Find the area between the curve r = a cos @ and the 
radii vectors @ = 0, ® = 7/2. 
Solution : The given curve is 
r=a@cos® 


Required sectorial area 
1 ph 
=50 de 


Ju [fare cos? 0.d0 
2 


£ [ier 29828 a0 
2 


oi tere +2 a ot cos 20 d0 


% 
a (@y)? a*}(,,sin20 4, sin 20 
“(e} 2 my - [eS | 


= fe £[o- [fosin 2040] 


eee 
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1 ke ay 
at 
20-2) 
? 


76. (sin x-sin 0) 


) 
Example 7. Find the area of a loop of the curve r* = a’ cos 20 and 
hence find its total area. 
Solution : The curve is 
r =@ cos 20 (1D) 


Since the equation remains unchanged on changing @ to - @ or 
x — 0, hence the curve is symmetrical about both the axes. 


For the loop putting r = 0, we have 


cos 28 = 0 = cos (+3) 
2 


[two consecutive values] 


Hence a loop lies between the radii vectors 8 = -n/4 and 
0 = 1/4. The curve consists of two equal loops and for half the loop 
in the first quadrant, 0 varies from 6 to 1/4, 
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.. Area of a loop 
=2 [140 
a) 
=f % a? cos 20d0 


(2 20)" 
a@( in28 
2), 


-. Total area of the curve 
2 
2xf 


=a 


Example 8. Show that the area of a loop of r = a cos nO is —— 
na? 
n being integral. Also prove that the whole area is ig a 
according as n is odd or even. 
Solution : The equation of the curve is 
r =acos n0 (1) 


For a loop putting r = 0, we get 


[two consecutive values] 


2 + [i 4° cost no a0 


7 S pratscos2re yg 
2 


2 
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The curve is symmetrical about the initial line. 
Let 6 = a when r= 0 
a+bcosa=0 


a 
cosa = —F 
and the line @ = @ is the tangent at the pole. 


For the larger loop, @ varies from 0 to a, and for the smaller 
loop, 8 varies from a to 7, above the initial line. 


«. Required sum of the areas of the two loops 

1 st 
= 2 [rao [}ra0]} 
=2 [irae 

[- [r@dacs [rdde= ff ftx)ds| 

= [[(a+bc0s6)' ae 
= {@ +5 cos? @ + 2ab cos 0) d® 
= GG +8 1488828 aah cos0)}a0 


2 2 i. 
- (G +E )o+® sin 20 + 2ab sin of 


: 
=(a+%)x 


Example 10. Find the area of the loop of the curve 


x+y =3ary 
Solution : The given curve is 
+ y =3ay 


changing to polars (by putting x = r cos 8, y = r sin 8), we have 
P (cos? @ + sin’ @) = 3ar? sin 8 cos @ 
_ 3asin @cos® 
© sin’ 0+ -cos? 


(1) 


or 
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For a loop, putting r = 0, we get 

sin @ cos 8 =0 
ie, sin 8 = 0 and cos @=0 
or 8 =0 and n/2 

[two consecutive values] 
Hence as @ varies from 0 to 7/2, 
we get the loop. 

~. Required area 


1 
7 lia) dd 
9a* 15% sin? @cos*0d0 
° (sin? @+cos’@)" 
_ 98 Sat (resem Oses'od8 Osec?0d0 
(1+ tan’@)° 
[dividing the numerator and 
denominator by cos* @] 
[Put ¢ = tan’ 6 
. dt = 3 tan? 6 sec? 6 do 
when @ = 0, ¢ = 0, 
when @ = 1/2, t > «] 


of i pe 3 dt 
7 ° (14s) 3 
= ae arn dt 


i" 
vf 
peli 
z|- 
= 


" 
1 
& 
f8 
a 
8l- 
' 
ee 
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(0-1) 


3a? 
2 
Example 11. Show that the area of the region included 


between the cardioids r = a (1 + cos 8) and r = a (1 — cos 8) is 


2 
a 
> (3x-8 
= (on-8), 
Solution : The equations of the two cardioids are 
r=a(l+cos 8) we (I) 
and r =a (lI —cos 8) ww (2) 


Solving (1) and (2) to find the points of intersection (eliminating 
r), we get 
a (I + cos 8) =a (1 ~ cos 8) 


or 2 cos 8=0 
y cos 8 = 0 = cos (+ n/2) 
0 =+ 72 


-. For the point of intersection P, 8 = 1/2. 
Since both the cardioids are symmetrical about the initial line, 
. By symmetry 
Required area common to two cardioids 
= 2 Area OBPCO 
= 4 Area OBPO 


where area OBPO is the area of curve (2) between the radii vectors 
6 =0, 0 = 7/2. 
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~. Required area 
=4 [fi ra0 


= 2 [%a*(1-cos 6)" 40 
= 2a? [7*(1-2.c05 6+ cos? 0) do 


= 2a [8 -2sin 0]? +20 [?cos*@ ao 


Example 12. Show that the area common to the ellipses 
@e+ BY =land e+ ay =, 


Mee a 
here O<a<b S tan"(2), 
where 0 <a <b is 7 ; 


Solution : The first ellipse is 
at by =l 


Its major axis lies along x- 
axis and minor axis along y-axis 


scant 
[: 0<a<b(given):-+>4] 
The second ellipse is 
Bet ay=l a (2) 
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6. Prove that the area of the curve 
x=acos0+bsinO+c, 
y=a'cos@+b'sin@ +c’ 

is equal to x (ab’ ~ a’‘b). 
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7. Find the area between the following curves and the radii 


vectors: 
(a) r= a0", O8=ato6=f. 


(b) r= ae®2, 8 =B to =B +7 (y < 2n). 


(c) r= ae", @=atoO=f. 
@) | 2140050,0=0t00=a. 
r 
8. Find the whole area of the 
(a) circle r = 2a cos 8 
(b) cardioid r = a (1 — cos 8) 
(c) cardioid r = a (1 + cos 6) 


(d) curve 7 = a@ cos? 6 + B sin? 8 


(e) curve r = 3 + 2 cos 6. 


9. Find the area of a loop of the curve 


(a) r=a sin 36 
(b) r =a cos 26 
(c) r=asin® 


Find also the total area in each case. 
10. Find the area of a loop of the curve 


r=a_cos 30 + b sin 30. 


(three leaved rose) 
(four leaved rose) 
(four leaved rose) 


11, Find the area of one loop of r = a cos 40. 


12, Find the area of a loop of the curve 


r= ¥3cos 30 + sin 30. 


13. Calculate the ratio of the area of the larger to the area of the 


smaller loop of the curve 


rad +005 28 
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14, 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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Show that the area contained between the circle r = a and the 
curve r = a cos 58 is equal to three-fourths of the area of the 
circle. 

Find the area of the loop of the following curves: 

(a) (@ + YY = dary? (b) x4 + 4 = 4arxy 

(6) xo ty = Sax’? () e+ y= axe 

(e) x4 + 3x4 + Y= ay 

Prove that the area of the loop of the curve x’ + y’ = 3axy is 
three times the area of a loop of the curve 7 = a cos 20. 
Prove that the area of the loop of the curve x° + y’ = Sax’? 
is five times the area of a loop of the curve 7 = a? cos 20. 
Prove that the area common to the circles r = aJ2 and 
r= 2a cos 0 is a (x - 1). 

Prove that the area common to the circle r = a and the cardioid 
r =a (1 + cos 8) is 


a(S 2). 
4 
Find the area outside the circle r = 2@ cos and inside the 
cardioid r = a (1 + cos 8). 
Find the area inside the circle r = sin @ and outside the cardioid 
r=1-cos 8 
Find the area common to the ellipses 

x? + 2y? = @? and 2x7 + y? = a, 
Find the ratio of the two parts into which the parabola 
2a = r (1 + cos 0) divides the area of the cardioid 

r= 2a (Il + cos 8). 
Find the area between the curve r = a (sec 8 + cos 8) and its 
asymptote. 
Show that the area bounded by the curve p = f(r) and the two 
radii vectors r = a, r = b is 

1p pr 

2 i dr. 
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20. => 


22. 
24. na* 
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14 


Determination of Lengths 
(Rectification) 


14.1 Rectification 

Definition. The process of finding the length of an arc of a 
curve between the two given points on it is called rectification. 
14.2 Arc Formula for Cartesian Equations 

To find the length of the arc of the curve y = f(x) between the 
points where x = a, y = b. 

Or 

To show that the length of the arc of the curve y = (x) between 

the points where x = a, y = 6 is given by 
2 
. dy 
1+{=] de |¥ 

ty(2) 
where y and » are continuous 
and single valued functions in the 
interval a <x < b and the integrand 
does not change sign in the 
interval. 

Let AB be the curve y = f(x) 
where A, B are the points whose 
abscissae are a and b respectively o Cc M D x 
and CA, DB are their ordinates. 


Let P (x, y) be any point on the curve. Draw PM perpendicular 
to x-axis. 
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If s denotes the length of the arc AP measured from the fixed 
point A to the variable point P, then s is clearly a function of x. 


From differential calculus, we know that 


weil): 


= (value of s at x = 6) 
~ (value of s at x = a) 


=arc AB-0 
= are AB 
#y 
= 1+|—] de 
Hence, arc AB f (2 
Note 1. From (1), we have 
#) 
= jfl+|—] a 
r= fye(2 


Note 2. If the equation of the curve is of the form x = f(y), 
then the length of the arc between the points, where y = c, y= d 


is given by 
J dyy 
1+|—] d 
f (2) id 


14.3 Arc Formula for Parametric Equations 


To show that the length of the arc of the curve x = f (4), 
y = > (1) between the points where ¢ = a, 1 = 6 is given by 


z 2 
Iya) +(@) « 
“\\ dt dt 
where x and y are continuous and single-valued functions of ¢ in the 
interval a st <b. 


Determination of Lengths (Rectification) 289 


Let AB be the curve x =f(0), |¥ 
y = (0) where A, B are the two 
points ¢ = a, ¢ = b respectively. 
Let P (x, y) be any point on 
the curve. Draw AC, BD and PM Pp 
perpendicular on OX. . 
If s denotes the length of the Ly 
arc from the fixed point A to the 
variable point P, then s is clearly 
a function of ¢. 


From differential calculus,we ° 9° ™ = © * 
know that 
a (* 
dt \\de 


= (value of s when ¢ = 5) 
— (value of s when ¢ = a) 


=are AB-0O 
= arc AB 


Hence, arc AB = i (£) +(4) dw (I) 


Note 1. It has been assumed here that the integration does not 
change sign in the range of integration 
astsb 
Note 2. From (1), 


= MG) (3) « 


14.4 Arc Formula for Polar Equations 


To show that the length of the arc of the curve r = f(8) between 
the points, where 6 = a, @ = B is 
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z B 
(aes (4) do Pt.0) 
je de 
Let AB be the curve r = f (8) " 
and A, B the points where @ = 
O=8 apenas: * LE 
Let P (r, @) be any point on ° x 


the curve. If s denotes the length 
of the arc measured from the fixed 
point A to the variable point P, 
then clearly s is a function of 8. 


From Differential Calculus, we know that 


as _ |e (#) 
yrs w () 
. 
ig ir +(4) de = [a0 
a a6 = dO 
= (sh 


= (value of s when 6 = B) 
— (value of s when @ = a) 


=arc AB- 0 
= arc AB 


ay 
. AB = [> (4) d0 
Hence, arc £ r+ 70 
Note 1. From (1), 
2 (ay 
se iF ir (4 de 
Note 2. When the equation of the curve is of the form 
6 =f (r), the length of the arc from r, to r, is given by 


rs hen (2) ar 
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14.5 Arc Formula for Pedal Equations 


To show that the length of the arc of the curve p = f (r) 
between the points where r = a, r = b is 


f rdr 
P 
Let AB be the curve p = f(r) 
and A, B be the points where A 


r=ar=b. 


Let P (p, r) be any point on Y/, 
the curve. bx, 
If s denotes the length of the © 


arc AP measured from a fixed 
point A to the variable point P, then s is clearly a function of r. 


From differential calculus, we know that 


x 


pe=rsing (I) 
or sin 9 = pir 
ds 1 
Also Fas 
1 
- 1-sin? > 
- I 
~ 2 
y-2 
r 
. 
Pop 
[Ae - ffe-w 
la fz? 


= (value of s when r = 6) 
— (value of s when r = a) 
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14.8 To obtain the intrinsic equation of a curve from the 
parametric equations 
Let the parametric equations Y 
of the curve be 
x=fO¥= OO ~ () 
Let P (x, y) be any point on 
it, such that arc OP = s, O being 
a fixed point on the curve. Let 
OT, the tangent at O to the curve, 


be taken as the x-axis, and O as Poy) 
the origin. Let the tangent at P 8 
make an angle PTX = y with ¥. 
x-axis, ° tT x 
From (1), 
dk 1) Ba 
7 ft, = =$'() 
dy _dyldt_ ot 
‘eng ae SO) .Q) 


“de dxdt f"(t) 
Also s= f (“} +(#) dt 


= fv SOY + {O00} ae 


= F (0) say aw (3) 

Eliminating ¢ from (2) and (3), we get a relation between s and 
y, which is the intrinsic equation of the curve. 
14.9 To obtain the intrinsic equation of a curve from the polar 

equation 

Let the polar equation of the curve be r = f (6). 

Let O be the pole, and the initial line be the tangent to the 
curve at the pole from which the arc is measured. 


Let P (r, @) be any point on the curve and PT, the tangent at 
P meeting the initial line in 7. 
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+. Required length of arc from x = | to x = 2 is 


f uo 


ze +1 
=f = a 
=f 7 _ a [Dividing the numerator 
and denominator by e*] 
2 
= [log (e* -e*)] 
= log (e? - e*) — log (e - e') 
= log (e? - Ie?) — log (e - We) 
= log {(e + I/e) (e — I/e)} — log (e - I/e) 
= log (e + I/e) + log (e — Ie) — log (e — Ie) 
= log (e + I/e) 
Example 2. Find the length of the arc of the parabola x = day, 
from the vertex to an extremity of the latus rectum. 
Solution : Let O be the vertex and L, 
an extremity of the latus rectum of 


i 
the parabola x? = day or y = rre 


For the length of the arc from O 
(0, 0) to LZ (2a, a), x varies from 0 
to 2a. 
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«. Required length of arc OL 


= ii 1+(¥) dx 


= (- 1 a 

= z i 2 44a? de 

= ALF +4a’ + 8S sini (2) 

= pe area 4a? + 4a? + 2a? sinh“ (1) - 0] 

= tle 22. a+2a* log (1+ Ji+1)| 
[:+sinh* x=log(x+ J +1) 

= a[ v2 + log (V2 +1)] 


Example 3. Show that the whole length of the curve 


2 (@ — 2) = Bay is naV2. 
Solution : To trace the curve roughly to find the limits of integration. 
(i) The curve is symmetrical about both the axes. 
(ii) The curve passes through the origin and the tangents at the 
origin are given by 
axe = iy 
st 
me Ne A” 
showing that origin is a node. 
(iii) The curve meets the x-axis where y = 0, so putting y = 0 
in the given equation, we get 
x (@-x)=0 


or x= 


ta 
Hence the curve meets the x-axis at (0, 0), (a, 0), (-a, 0). 
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The curve meets the y-axis where x = 0. So putting x = 0 

in the given equation, we get 

8ay =0 

ie. y=0 

i.e. at the origin (0, 0). 

Shifting the origin to (a, 0), the given equation transforms 

to 

(x + af [@ - (x + af] = 8a’ 

or 8a? = (x + a? (- x - 2axr) 

x (x + 2a) (x + a? 
and the tangent at the new origin is -2a’ x = 0 or x = Oi.e. 
the new y-axis. 

Thus the tangent at (a, 0) is || to y-axis. 

(iv) The curve has no asymptotes. 

(v) The given curve is 


L 
y= gat (a -x) = (1) 
When x > a numerically, y? is -ve, 
.. y is imaginary. 


Thus no portion of the curve lies beyond the lines x = a, 
x=-a. 

The shape of the curve is as shown in the figure. The curve 
consists of two symmetrical loops. 
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.. Whole length of the curve 
=2 x length of a loop 
= 4 x arc of loop in first quadrant 
For half the loop in the first quadrant, x varies from 0 to a. 


From (1) 
1 poe 
a 22a" eo 


1 2x 
= shal eerie Te =| 
1 a 
__ @-2x 
- 2ia\a -x* 
a1 oe) 
8a? (a? - x?) 
8a‘ -8a"x? +a‘ + 4x‘ - 4a°x? 
_ 4x* -12a*x? +9a* 
8a*(a* - x*) 
(3a? - 2x7)" 
-. Required whole length of the curve 
=4 are OA 


=4[ 14(2) ae 


A OE Acta 
= 4 fe 2k ae Put x = asin 8 


0 Tene 
2a farms dx = a cos 0 dO] 


4 (43a? - 2a’ sin?® 
= [ 0d 
2V2a acos@ a 
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% 
= V2a [°[3-(1- cos 2)]a0 
= Va [%(2+ cos 20) do 
in 207% 
= Vial 20+ = 2) 
2 
Z Ba[n+ sinx-o| 
- naV2 


Example 4. Show that the length of an arc of the curve 
x sin 8 + y cos @ = f" (8), x cos 6 — y sin 6 = f” (8) 
is given by 


s=f(0)+f" @) +c. 
Solution : The curve is given by 
x sin 8 + y cos 6 =f" (6) a (1) 
x cos @ - y sin 8 =f" (0) ww (2) 
Multiplying (1) by sin @ and (2) by cos @, and adding, 
x (sin? @ + cos* @) = sin 6 f’ (8) + cos @ f” (8) 
8 f' @) + cos 6 f" @) ... (3) 
Again multiplying (1) by cos 6 and (2) by sin 8, and subtracting, 
y (cos? @ + sin? 6) = cos 6 f” (8) - sin 6 f” (8) 
or y =cos 0 f" (0) - sin Of" (0)... (4) 
From (3) 
a& | 
rr) = sin 6 f" (6) + f' (8) cos © 
+ cos 6 f” (8) - sin 8 f" (0) 
=f ©) +f" @)] cos 6 


or x= 


From (4) 
& x 005 0 7" ©) - sin 8/0) 
— cos @ f” (8) — sin 0 f”" (8) 
=-[f' @ +f" @] sin ® 
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Example 6. Find the entire length of the cardioid r = a (1 + cos 0) 
and show that the arc of the upper half is bisected by 8 = 7/3. 
Solution : The equation of the curve is 
r=a(I + cos 8) ww (I) 
(i) Since the equation remains unchanged on changing @ to 
—6, the curve is symmetrical about the initial line. 
(ii) Since |cos 6| < 1, -. |r| $ 2a. 
Thus the curve lies entirely within the circle r = 2a, 
(iii) Putting r = 0, we get 1 + cos 6 =0 
or cos @ =- 1 =cost 
oe O=n 
Hence the curve passes through the pole and the tangent at 
the pole is @ = x. 
(iv) The various values of r for some particular values of @ 


z 
2 


a 


Thus the shape of the curve 
is as shown in the figure. For the 
upper half of the curve, 8 varies 
from 0 to x. 


From (1), 


dr ; 
ry =-asin@ 


2 
ap (4) =a? (1 + cos 0)? + a sin? @ 
=a (1 + cos? 8 + 2 cos @ + sin? 6) 
=a (2 + 2 cos 6) 
= 2a? (1 + cos 8) 
= 2a? - 2 cos? 6/2 
= 4a? cos? 6/2 
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~. Required entire length of the curve 


«|, (dry 
=2f P+(S) ao 


=2['2ac0s a0 
sin? } 

= 4a 2 =8a 
2h 


Now, length of the upper half of the curve = ix8a= 4a. 
Also length of the arc from 6 = 0 to 8 = 7/3. 


" 
g 
|, o 
" 
Ss 


14a 
2 


; x length of the upper half of the curve 


Example 7. Prove that the perimeter of the lemniscate 
2 
7 = a 0s 20 is 2(r4) ; 
2n\ 4 
Solution : Equation of the curve is 
P =a? cos 20 (1) 


It is symmetrical about the pole, and the lines ® = 0 and 
0= 


Nia 
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The curve passes through the pole and the tangents at pole are 
given by 


cos 20 =0 
ie. 20 = zm 
4 n 3x 
ie. O= a4 


It has no asymptotes. 

+: Greatest value of cos 20 = 1 

-. Greatest value of r= a? 

=> -asrsa 

When 6 =0,r=a 

When @ = 1/4, r= 0 

As @ increases from 0 to 2/4, r is +ve and decreasing. 
When 1/4 < @ < 1/2, F is -ve. 

-. ris imaginary. 

Thus the shape of the curve is as shown in the figure. 

Taking logarithm, (1) becomes 

2 log r =2 log a + log cos 20 
Differentiating wrt. 8, we get 


2 dr 1 5 
rae = 0+ 2 sin 20) 
> _ = tan 28 
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at.plpl 
2.4 =«4 


of r(i-+)r4 

(ara 

| wat} 
ar ees 

annl§" 

-C) 


a 1y 
- Fld) 
Example 8. Show that the intrinsic equation of the curve 
r=a(l + cos 6) is 
3 5) 
and hence or otherwise, prove that 
s? + 9p? = 16a? 
where p is the radius of curvature at any point, and s the length of 
the arc intercepted between the vertex and the point. 
Solution : The equation of the cardioid is 
r=a(l + cos 6) 


dr ; 
7) tl 
tan @ = ‘rn 
or 
) 
dO. 
_ a(1+cos 0) 
~ =asin@ 
2cos? 2 
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or 3p= savos(¥-¥) a (4) 
Squaring and adding (3) and (4), we have 


s? + 9p? = 16a" [sn'(¥ 
= 16a? 
EXERCISE 14.1 
1. Show that the length of the arc of the curve y = log sec x from 
x=0 tox = is log (2+ V3). 
2. Find the length of the arc of the curve y = ae’ from the point 
(0, a) to the point (x, y,). 
3. Show that the length of an arc of the curve 
vr=a@(l-e%) 


measured from (0, 0) to (x, y) is a log oars 


4, Find the length of the catenary y = a cosh (x/a) from x = 0 to 
x=b. 


5. Show that in the catenary y = c cosh (2). the length of the arc 
c 
from the vertex (where x = 0) to any point (x, y) is given by 
(a) s =c sinh (:) (b) # =y-c. 
c 
6. Find the length of the arc of the semi-cubical parabola 
ay = x from the vertex to the point (a, a). 
7. Find the length of the arc of the parabola y = 4ax. 
(a) from the vertex to an extremity of the latus rectum. 
(b) cut off by the latus rectum. 
(c) cut off by the line 3y = 8x. 


2 
8. Find the arc length of the curve y = = -t log x from x = 1 
tox =2. 
9. Find the perimeter of the loop of the curve 
(a) Say? = (x - 2a) (x - Sa}? 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Show that the arc of the upper half of the curve r = 
a (1 — cos 8) is bisected by 6 = 27/3. 

Show that the length of the arc of the hyperbolic spiral 
r@ = a taken from the point r = @ to r = 2a is 


o[s5-Vaome(2298)] 


Find the perimeter of the curve r = a cos 8. 


Find the length of the arc of the parabola a 1+cos@ cut 
off by its latus rectum. * 

Show that the whole length of the limacon r = a + b cos 6 
(a> b) is equal to that of an ellipse whose semi-axes are equal 
in length to the maximum and minimum radii vectors of the 
limacon. 

Prove that the perimeter of the limacon r = a + b cos 8, if b/a 


2 
be small, as approximately 2a +18), 
a 


Show that the length of the arc of the hyperbola xy = a 
between the limits x = b and x = c is equal to the arc of the 
curve p? (a‘ + r*) = a‘r? between the limits r = b, r = c. 
If s be the length of the curve r = @ tanh 6/2 between the 
origin and @ = 2x and A the area between the same points, 
then show that 

A=a(s - an). 
Show that the length of the loop of the curve 3x*y - y = 
(2 + ¥¥ is 

7 rk dr 


Show that the intrinsic equation of the semi-cubical parabola 
Bay? = 2x? is 
9s = 4a (sec? y - 1). 
Show that the intrinsic equation of the parabolic y? = 4ax is 
Ss =acot y cosec y + a log (cot y + cosec wy). 
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29. 


30. 


12. 


13. 


15. 


20. 
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For the astroid x? + y = a”, prove that 


s=Mcoe'y 
cosy. 


Prove that the intrinsic equation of the equiangular spiral 


r = ae" when the arc is measured from (a, 0) is 


s afte [en -1] 


where B = tan(4), 
m 
ANSWERS 


EXERCISE 14.1 


- £0) - f (a), where 


fo)=be{ Fes] oF 


apo 8 
. asinh = 6. (3 V3-8) 


@ a[r2+log(r2+1)] (6) 2a[r2+log (r2+1)] 


15s 
(©) a( 15 +106 2) 


tgs? 

4a 4a 
(a) 4V3a oF OF 
@ V2(e% -1) ® Se-1) 
© “sin 30 (@) 2a 
8a 14. 8a 

a +ab+b 
wi rT 


na 21. 2a[ V2 + log (V2 +1)] 
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Determination of Volumes and 
Surfaces of Solids of Revolution 


15.1 Definitions 

If a plane area is revolved about a fixed straight line lying in 
its own plane, then the body so generated by the plane area is called 
the solid of revolution and the surface generated by the boundary of 
the plane area is called the surface of revolution. 

The fixed line about which the plane area rotates is called the 
axis of revolution. 

For example, a right angled triangle when revolved about one 
of its sides (forming the right angle) generates a right circular cone. 

Remember. The section of a solid of revolution by a plane 
perpendicular to the axis of revolution is a circle, having its centre 
on the axis of revolution. 
15.2 Volume Formulae for Cartesian Equations 

To show that the volume of the solid generated by the revolution 
about the x-axis, of the area bounded by the curve y = f (x), the 
x-axis and the ordinates x = a, x = 6 is [war where y = f (x) 
is a finite, continuous and single valued function of x in the interval 
asxsb. 

Let AB be the curve y = f (x) and CA, DB be the coordinates 
x = a, x = b respectively. 

Let P (x, y) be any point on the curve AB. 

Draw PM 1 OX. 

“. OM =x and PM=y 

Let V denote the volume of the solid generated by the revolution 
about x-axis of the area ACMP. 
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As x increases i.e. MP moves towards the right, V also increases. 


Thus the volume V depends on x and is therefore a function 
of x. 


Let Q (x + &x, y + 5y) be a point on the curve. Then the volume 
of the solid generated by the revolution about x-axis of the area 
ACNQ, will be V + SV, so that the volume of the solid generated by 
the revolution about x-axis of the area PMNQ is 5V. 

Complete the rectangle PROS. 

Then the volume of the solid generated by the revolution about 
the x-axis of the area PMN@ lies between the right circular cylinders 
generated by the rectangles PMNR and SMNQ i.e., &V lies between 
mydx and x (y + dy)? Sx. 


or — lies between ny? and x (y + Sy). 
In ie limiting Position as 


Q-> P, oe 2 59 SFO 


2 hy 28 SS a lies between 17 


and Lt, 1 (y + 8? 


Vv 
or “ lies between ny? and a 
quantity which approaches to my”. 


aoe 


. fra = cf wwe) 
= ie V when x = 6) 
— (volume V when x = a) 
= volume generated by the area ACDB - 0. 


Hence the volume of the solid generated by the revolution of 
the area ACDB about the x-axis is 


[inva 


Corollary. Revolution about y-axis. 
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The volume of the solid generated by revolution about the 
y-axis of the area bounded by the curve x = f(y), the y-axis and the 
abscissae y = a, y = b is 


[may 


The result follows immediately on interchanging x and y in the 
above proposition. 
An Important Advice (Remember) 

(i) If the generating curve is 
symmetrical about the x-axis and it 
is required to find the volume 
generated by the revolution of the 
area about the x-axis, in such a case 
we shall revolve only one of the 
symmetrical portions, because the 
part of the curve above the x-axis 
generates the same volume as the 
part of the curve below x-axis when revolved about the 
x-axis, Thus the volume generated by the revolution of the 
area DCOAB about OX = volume generated by the revolution 
of the area OABM or OCDM about OX. 

(ii) If the curve is symmetrical y, 
about y-axis and the same 
curve be made to revolve about 
the x-axis (the curve lying only 
on one side of the x-axis) 
then the volume generated = ¢ A 
2 x volume generated by the 
portion OAB lying to the right 
of y-axis. 

15.3 Prolate and Oblate Spheroids Definitions 

(i) The solid formed by the revolution of the ellipse about the 
major axis is called a prolate spheroid. 

(ii) The solid formed by the revolution of the ellipse about the 
minor axis is called an oblate spheroid. 


° x 
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15.4 Revolution about any axis 

The volume of the solid generated by the revolution about any 
axis CD of the area bounded by the curve AB, the axis CD and the 
perpendiculars AC, BD on the axis, is 


f2ox(emy a(om) 


where O is a fixed point on the axis CD and PM is the perpendicular 
from any point P of the curve AB on CD. 

Take the fixed point O on CD Yy 
as origin and CD, the axis of B 
revolution as x-axis. 

Let OY 1 to CD be taken as 
yeaxis. 

Let P (x, y) be any point on 
the curve referred to OC and OY > 
as axes. 

Draw PM 1 OC, so that 
OM =x and MP =y. 

If OC = a and OD = 6, then 
the required volume 


= fim'de=n ['(PMY d (0M) 


Remember: 
Practical Method for Questions 
(1) Take any point P (x, y) on the curve. 


(2) Draw PM 1 on the line about which the curve is to be 
revolved and find the length of PM. 


(3) Find the distance OM of the foot of 1 from a fixed point 
O (say) on the line and take its differential. 


(4) Then use the formula 
fr(pmy diom) 
with proper limits for integration. 
15.5 Volume Formula for Parametric Equations 


(i) The volume of the solid generated by the revolution about 
the x-axis, of the area bounded by the curve 
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x=f(, Y= 9 (05 


the x-axis and the ordinates, where ¢ = a, ¢ = b is 


(ii) The volume of the solid generated by the revolution about 
the y-axis, of the area bounded by the curve 


x=f(, Y= 90, 
the y-axis and the abscissae at the points, where ¢ = a, 


t=bis 
fe 2a. 
«dt 


15.6 Volume between Two Solids 


The volume of the solid generated by the revolution about the 
x-axis of the area bounded by the curves 


Y=f/@y=O@) 
and the ordinates x = a, x = 6 is 


[Px (3 - 3) ae 


where y, is the ‘y’ of the upper curve and y, that of the lower curve, 


15.7 Volume Formula for Polar Curves 


The volume of the solid generated by the revolution of the area 
bounded by the curve r = f (8) and the radii vectors @ = a, 8 = B. 
(i) about the initial line OX (6 = 0) is 


(ar sin0d0 
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= 2 ['x(a-x) dy 
a | 
= 2n ff [--z a dy [From (1)] 
=n" ay 
Oo 2 a\° 
(@ +5’) [Put y = a tan 0 
«. dy =a sec? @ dO 
when y = 0, 0 = 0, 
when y —> 0, @ -> 1/2] 
¥ me eel asec’ 0d0 
a*(1+ tan?6)| 
= 2na’ ne do 
= One hE be 
22 2 


Example 5. Find the volume of the spindle shaped solid generated 
by revolving the astroid x2 + y?? = a® about the x-axis. 
Solution : The equation of the curve is 
x? + y? =a we (I) 
The parametric equation of the 
curve are 
=a cost 
yeasin't ... (2) 
The curve is symmetrical about 
both the axes and for the portion of 
the curve in the first quadrant, ¢ varies 
from 0 to 1/2. 


». Required volume 
= 2 x volume generated by the arc in the first 
quadrant 


=2 [Map 
=2[ wy pe 
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= 2n fe @ sin® ¢ (-3a cos? t sin t) dt 


= -6na* [Psin’ ros" ¢ dt 


sa)e2) 


32na° 
= 05 (in magnitude) 
Example 6. The cardioid r = a (1 + cos 0) revolves about the 
initial line, find the volume of the solid generated. 
Solution : The equation of the cardioid is 
r =a (I+ cos @) 
The cardioid is symmetrical 
about the initial line and for the 


upper half of the curve, @ varies 
from 0 to x. 


~. Required volume 


= [[2r'sino.a9 
o3 


20 : 
=5F fa’ (1+cos 6)’ sin 640 


Rg (1+cos 6)* r 
ariel leneey Rea 
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= Seer [iP +2) 0-0 + 1) 


A 
= Sere (0-342) 

8na’ [s af] 
“SS L6 31, 


Sele-F]] 


_ aed 
SVS 12 

_ 2na’ 

© 155° 


Example 8. A basin is formed by the revolution of the curve 
x° = 64y (y > 0) about the axis of y. If the depth of the basin is 
8 cm, how many cubic centimetres of water will it hold? 
Solution : The equation of the generating curve is 

¥ = 64y (y > 0)  () 

The curve is symmetrical 
in opposite quadrants. The 
shape of the curve is as shown 
in the figure. 

Since the height of the 
basin is 8 cm, so when y = 8, 
from (1), 

w= 64x 8 = 512 
x=8 

Thus A (8, 8) is the point 
on the curve (1) at a height 
of 8 cm. 

Thus the basin is formed 
by the revolution of the arc OA 
about y-axis, where A is the 
point (8, 8). 
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P 


» 


ye 


a 


= 


bad 


.. Required volume 
ay 
= [xy 

fx ouyra 
16x [y*?dy 

3 my 
16x} = 

Gy hb 


= 2[@” -0] 


" 


= —-32= 
5 


EXERCISE 15.1 
Let B be a number > 1. What is the volume of solid generated 
by the area under the curve y = e* between | and B (the axis 
of revolution being the x-axis) ? Does the volume approach to 
a limit as B becomes large ? If so, what is the limit? 
Find the volume generated by rotating about the y-axis the 
area bounded by the coordinate axes and the graph of the 
curve y = cos x from x = 0 to x = 7/2. 
The part of the curve y? = x? (1 — x*) between x = 0 and 
x = | rotates about the x-axis. Obtain the volume of the solid 
thus generated. 
Find the voiume of a sphere of radius a. 
Find the volume of a spherical cap of height / cut off from a 
sphere of radius a. 
Find the volume of the solid generated by the revolution of an 
arc of the catenary y = ¢ cosh (x/c) about the x-axis. 
The area of the parabola ) = 4ax lying between the vertex and 
the latus rectum is revolved about the x-axis. Find the volume 
generated. 
A paraboloid of revolution is generated by rotating the parabola 
y = ax about OX. Find the volume generated by that portion 
of the curve which lies between x = 0 and x = A. If R is the 


48x 1536n < 
3 cubic curves. 


328 


16. 


17. 


18. 


19, 
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area of the cross-section at x = A, show that the volume is half 
that of a cylinder of base area R and length h. 


Find the volume of the reel-shaped solid formed by the 
revolution about the y-axis of the part of the parabola y? = 4ax 
cut off by the latus rectum. 
Find the volume of the prolate spheroid generated by an ellipse 
whose major and minor axes are (24x)'? and (3). 
Prove that the volume of the solid generated by the revolution 
of an ellipse round its minor axis, is a mean proportional 
between those generated by the revolution of the ellipse and 
of auxiliary circle round the major axis. 
Find the volume of the solid generated by revolving 

x =acos 0, y=6sin® 
about the y-axis. 
The part of the ellipse 

2? o¥ 

= ra =l 

cut off by a latus-rectum revolves about the tangent at the 
nearer vertex. Find the volume of the reel thus generated. 
Find the volume generated by revolving the area bounded by 
the curve y = xe’, ordinate x = 1 and the x-axis about the 
x-axis. 
Find the volume of the solid formed by the revolution about 
the x-axis, of the loops of the following curves : 
@ Y(a-x=xX (atx) (b+) Y(a+x) =x? Ba - x) 
(c) P(@txaxr(a-x) (Wd) Y =x (a-x). 
Find the volume of the solid generated by the revolution of 
the curve y (a? + x*) = a’ about its asymptote. 
Find the volume of the solid generated by the revolution of 
the area between the curve xy? = 4a? (2a — x) and its asymptote 
about the asymptote. 
The loop of the curve 2ay? = x (x - a) revolves about x-axis, 
find the volume of the solid so generated. 
Find the volume of the solid obtained by revolving the loop of 


the curve a’? = x7 (2a — x) (x - a) about y-axis. 
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20. Find the volume of the solid formed by the revolution of the 
cissoid y* (2a — x) = x about its asymptote. 

21. The ellipse b°x? + a*y? = a*b? is divided with two points by the 
line x = a/2, and the smaller part is rotated through four right 
angles about this line. Prove that the volume generated is 

xa*h [8 x 4. 
4 3 

22. Find the volume of the solid obtained by rotating the area 
bounded by the circle x? + y? = a? around the line x = b (b > a). 

23. A quadrant of a circle, of radius a, revolves about its chord. 
Show that the volume of the spindle generated is 


us 
Gy lo- sade". 


24, Find the volume of the solid generated by revolution of the 


tractrix 


t 


a 2 
xX = acost+— tan’ 
2 etn’ 


yeasint 
about its asymptote. 
25. Find the volume of the solid generated by the arc of the 
cissoid : 
x = 2a sin’ 1, pooasintt 
cost 
about its asymptote. 
26. Prove that the volume of the solid generated by the revolution 
about the x-axis of the loop of the curve 
x=P, yates. 
3°64 
27. Find the volume of the solid formed by revolving the cycloid 
x =a (0 + sin 0), y =a (I — cos 0) 
(a) about the y-axis and 
(b) about its base. 
28. Find the volume of the solid formed by revolving the arc 
between the cycloid 


x =a (6 - sin 8), y = a (1 — cos 9), and its base 
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29. 


14. 


15. 
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(a) about the y-axis and 
(b) about its base. 


Find the volume of the solid generated by the revolution of 
the lemniscate 7? = a? cos 20 about 


(a) the initial line and 
(b) the line 6 = 1/2. 


. Show that the volume generated by the revolution of the 


limacon 
r=at+bcos® {a> b) 
about the initial line is 
: na (a* +8’). 
ANSWERS 


EXERCISE 15.1 


. Sle -e7], yes, e 2. x(x-2) 
2n Mls 
15 baa rd 
n'(a-4) 6. sins 28 sin 22| 
3 2 c c 
2na° 8. 2nah* 
Sua 10. 7 
a a 
= na’ 
3 


2b aro -b -3abya’ - b* - 3a’ sin" 4] 
ja a 
Gl -1) 


(a) 2na’ (log 2-2) (b) xa’ (8 log 2-3) 
, 
(©) 2na° (ioe 2- 2) @ 7 
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16. gre IL 49a 
d 23na° 
ey Ye 
20, 2n'a 2 F [s6a8* + 4a” -30%n] 
24, 2 na’ 25, 2n’a 
22. (a) na'(3°-8) () Sa? 
28. (a) 6n’a’ (b) Sx’a® 


29. ( ale tog (+3) -1] 


b 
( i ee 
15.8 To show that the curved surface of the solid generated by the 
revolution, about the x-axis, of the area bounded by the curve 
y=f(e), the x-axis and the ordinates x = a, x = b is 
[amy as 
where s is the length of the arc of the curve measured from a fixed 
point on it to any point (x, y). 

Let AB be the curve y = f(x) and A, B the points corresponding 
to x = a, x = b respectively. Draw AC, BD 1 to x-axis. 

Let P (x, y) be any point on the curve and let the arc AP be s. 
Draw PM 1 OX. 

If S denotes the curve surface of the solid generated by the 
revolution of the area ACMP about the x-axis, then clearly S is a 
function of s. 

Let Q (x + 6x, y + Sy) be a point on the curve in the 
neighourhood of D. Draw QN OX, and let the arc AQ be s + 8s, 
so that arc PQ = és. 
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The curved surface of the solid of revolution of the area PMNQ 
about the x-axis is 5S. Draw PR and QS parallel to x-axis and each 
equal in length to the arc PQ = és. 

Now the lines PR and QS generate cylinder, when the arc PO 
revolves about x-axis, whose base radii are PM and NQ. The area 
of the curved surface generated by the arc PQ lies between the 
areas of the curved surfaces of the cylinders whose base radii are 
PM and NQ. 

ie. 5s lies between 2ny Ss and 2x (y + Sy) bs. 


4 s lies between 2ny and Y 
2n (y + Sy). Proceeding to limit 
as Q — P, i.e. as &x > 0, 

[-.dy > 0, 8s > 0] 

és 

ws lies between 2ny and a 
quantity which approaches to 2ry. 


& 
any 
ab 2b dS 
+ [Lomas [ae 

= (siz 


= (volume of S when x = 6) 
— (volume of S when x = a) 
= area of the surface generated by the revolution 
of the arc ACDB - 0 


.. Surface area of the solid generated by the revolution of the 
area ACDB 


ory 
= he 2ny ds. 
15.9 Surface Formula for Cartesian Equations 


The curved surface of the solid generated by the revolution 
about the x-axis, of the area bounded by the curve y = f (x), the 
x-axis and the ordinates x = a, x = b is 


[ow Fae 
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ds 
where ies 


15.10 Surface Formula for Parametric Equations 

The curved surface of the solid generated by the revolution 
about the x-axis of the area bounded by the curve x = f(0), 
y = 6(0, the x-axis and the ordinates at the points, where ¢ = a, 
t= bis 


. ds 
2ny — dt 
ar 
=-(3) -(2) 
ane at () 7 dt 


15.11 Surface Formula for Polar Equations 

The curved surface of the solid generated by the revolution 
about the initial line, of the area bounded by the curve r = f (8) and 
the radii vectors 8 = a, 6 = B is 


=B. ds 
2ny — a8, 
Siew 5 
7 : (%) 
where 7 r+ 70 
and yersin 


15.12 Revolution about y-axis 

The curved surface of the solid generated by the revolution 
about the y-axis of the area bounded by the curve x = f(y), the 
y-axis and the abscissae y = a, y = b is 


fo 2m ds. by 


lye 
15.13 Revolution about Any Axis 

The curved surface of the solid 
generated by the revolution, about an axis 
CD, of the area bounded by a curve AB, 
the axis CD and the perpendiculars AC, 
BD on the axis is 


Jex(PM) ds 
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Solution : The equation of the catenary is 


~ soa) 


y 
a) 
2 3 [-(2y = fo = cosh 


At the vertex, x = a. 
; s = length of the arc from vertex to any point (x, y) 


" W 
s om 
— 8 
a. & 
Es tI 
= 
alk 81x 
1s, 
o 
2 


1 
8 
2 
5 
= 
ike 


(1) 
S = surface area generated by the arc 


= [2m Bae 


= 2n J[acosh cosh ~ de 
J a a 


2na J cosh? ~ dx 
a 


fetes 
“(2 
na [= + S sinh ()| w 2) 


" 
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Solution : Let the right angled triangle AOB be formed by the line 
y =x tan @, the x-axis and the ordinate x = 4. Then 


OA = h is the height of the cone. 
If r = AB is the radius of the base, then 


and if / = OB is the slant side, 
U 
then sec @ = h 
«. Required volume of the cone 
yer 
= [ies 


x fx? tan? 0 dx 
lo 


x] 
= xan'o(*) 
3h 


mh? tan? @ 


=>mh 


Now since y = x tan @ 
aio 


(I) 


+» (2) 


[- y =x tan 6} 


{using (1)] 
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= sec @ 
.. Required surface area of the cone 


= [lary Sax 


. 
= 2n [x tan0-sec 0 de 


x 


2 
= 2rtan0sec0{ } 
2h 


= Le [using (1) and (2)} 
= mri. 
Example 4. The portion between two consecutive cusps of the 
cycloid x = a (8 + sin 8), y = a (1 + cos 8) is revolved about the 
x-axis. Prove that the area of the surface so formed is to the area 
of the cycloid as 64 : 9. 
Solution : The equations of the cycloid are 
x=a(0+sin8 
y=a(l+cos 0. 
The cycloid is 
symmetrical about the y-axis 


and for half of the cycloid, @ 
varies from O to n. If A 


denotes the area of the On ie) Oen 
cycloid, then 
«de 
A=2 —d0 
ee 
= 2 ['a(1 +058) a(1+cos 8) d0 


" 
v 
4, 

— 
re) 

1 
edt 
& 


340 Integral Calculus 


= 32na? J*c0s'« at 


= 32na?.2 = S4na” 
3 23: 


-. Required ratio 


Example 5. Find the surface of the solid generated by the revolution 
of the lemniscate 7 = a? cos 20 about the initial line. 


Solution : The equation of the lemniscate is 
P=a@ cos 20 a (I) 


The curve is symmetrical about the initial line and the line 
0 = 2. 
For a loop putting r = 0, we get 


cos 20 = o=cos( +) 


> 29 = +5 
2 
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t 
> = q [two consecutive values] 


The curve consists of two equal loops and 6 = -n/4, © = 1/4 
are the tangents at the pole. In the first quadrant, for half of the 
loop, 6 varies from 0 to 7/4. 

From (1) 


2r—— =- 2a sin 26 


or 


cos 20 


.. Required surface 
Fan ds 
= —d0 
2p 


a 


= 40 (% sin@ de 


cos 20 


4n [ia eos 20 sin 0 est do 


= 4na? [sino do 
i 
= 4na* (cos 0)% 
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Example 6. The part of the parabola y? = 4ax cut-off by the latus 
rectum revolves about the segment at the vertex. Find the curved 
surface of the real thus generated. 


Solution : The equation of the parabola is 
y? = 4ax (1) 
The required curved surface is generated by the revolution of 


the arc LAL’, cut-off by the latus rectum, about the tangent at the 
vertex, i.e, y-axis. 


For half of the arc AL, x varies from 0 to a. 
From (1), 


-. Required surface 
a ds 
= 2 [am de 
J ad& 


= dn f'x Jo" ae 
ad x 
= 4n ffx? + ax de 

— a a y 
4 £) -(£) ae 
“ie+4) -@) 


“Lede d-@ 
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—© (cosh !3— cosh » 


log (3+ /9=1) 
-log(1+ yi=1)}] 
[::cosh" x=log {x + Ye" —1}] 
32 nat ~ 22 tog (3+ 203) 
7 na’ | 33-1 tog (V2 +1) | 
na? [32 log (v2 +1)] 


Example 7. A quadrant of a circle of radius a revolves about its 
chord. Show that the surface of the spindle generated is 


2na? V2| (1 - *), 
Solution : The parametric equations of the circle are 
x =acos 6, y=asin®@ 


4n [2 v2. 


0 
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3. 


The arc AL of a parabola, where 4 and L are respectively the 
vertex and an extremity of the latus rectum, is revolved about 
its axis. Find the area of the surface generated. 


. (a) Find the area of the surface of the solid generated by the 


revolution about the x-axis of the area bounded by the 
parabola y* = 4ax, the x-axis and the ordinate x = h. 
(b) Find the curved surface of the solid generated by the 
revolution about the x-axis of the area bounded by the 
parabola y? = 4ax, the ordinate x = 3a and the x-axis. 
Find the surface area of the solid formed by the revolution, 
about the axis of y, of the part of the curve ay* = x’ from 
x = 0 to x = 4a which is above the x-axis. 
Find the surface generated by the revolution of the arc of the 
catenary y = c cosh x/e about the axis of x. 
Find the surface generated by the revolution of the curve 
y =e cosh (x/c) about the x-axis, between the planes x = a and 
xed. 
Find the surface of the solid generated by the revolution of 
the ellipse x? + = 16 
(a) about its minor axis 
(b) about its major axis. 


Prove that the surface of the prolate spheroid formed by the 
revolution of the ellipse of eccentricity e about its major axis 
is equal to 


2 x Area of the ellipse x [vi =e ad sins el: 
e 


. Find the surface of the solid generated by the revolution of 


the astroid x? + y°? = a about the x-axis. 


Prove that the surface area of the solid generated by the 
revolution of the loop of the curve 


x=P,y=t e 
‘ 3 
about the x-axis is 32. 


Prove that the surface of the solid generated by the revolution 
of the tractrix 
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x=acost+— 5a log an? = asint 
about its aac is shat to the surface of a sphere of 
radius a. 
Find the surface generated by the revolution of the cycloid 
(a) x = a (0 - sin ), y = a (1 — cos @) about the x-axis. 
(b) x = a (6 + sin @), y = a (1 — cos 8) about the tangent at 
the vertex. 
(c) x = a (6 + sin 6), y = a (1 + cos @) about its base. 
Find the area of the surface of revolution formed by revolving 
the curve r = 2a cos @ about the initial line. 
The curve r = a (I + cos 9) revolves about the initial line. 
Find the surface of the figure so formed. 
Find the surface of the solid formed by the revolution of the 
cardioid r = a (1 — cos @) about the initial line. 
Find the surface of the solid generated by the revolution of 
the ellipse 4x + 5)? = 20 about the minor axis. 
Prove that the surface of the oblate spheroid formed by the 
revolution of the ellipse of semi-major axis a and eccentricity 


“me[teee(] 


2na* [its + 
The arc of the cardioid r = a (1 + cos 8) included between 
-n/2 $ 8 < 1/2 is rotated about the line 6 = 1/2. Find the area 
of surface generated. 
A circular arc revolves about its chord. Find the area of the 
surface generated, when 2a is the angle subtended by the arc 
at the centre. 


ANSWERS 
EXERCISE 15.2 


na? 3. = (22-1) 


16 


Integration of Functions of Two and 
Three Variables 


16.1 Double Integrals 


Let f(x, y) be defined for all points in a finite region A of the 
xy-plane. Let &x 5y be an elementary area of the region A surrounding 
the point (x, y). Then 


Las 40,6740 LS (% ¥) Be By 
is written as Sf, f (x, y) dx dy which is called the double integral 


of f (x, y) over the region A. 
If the region 4 is bounded by the curves 


HX X= Xy VAY Vaz 
then ff f(zy)dedy = J” [" f(a y)aeay we (I) 
16.2 Evaluation of Double Integrals 
(1) To evaluate (1) we proceeds as follows : 


(a) If x,, x, ¥,, ¥, are constants, then the order of integration 
is immaterial, provided the limits of integration are changed 
accordingly. 


Thus ff f(x.) de dy 
= JP SP G2) aay 


=f PP feyarac 
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(b) If x,, x, are functions of y, let x, = 9, (), x, = 4, (») and 
let y,, y, be constants. Then 


Jf, A») aedy= J JP Fy) de dy 
(c) If y,, y, are functions of x, let y, = $,(x), ¥, = $,(x) and let 
X,, x, be constants. Then 
Jf, fy) dedy= f° P(e) by de 
From (a), (b),"(c) above, we observe that integration is first to 
be performed with respect to that variable having variable limits 
and finally with respect to the variable with constant limits. 
(I) Iff (, ») = 1, then the double integral ff dx dy gives the 
area of the region A. 


(Il) To evaluate ig ig L(x, y) de dy = rl fF f(x,y) as |dy 
we integrate f (x, y) wrt. x, treating y as a constant, getting a 
function of y (or a constant), say F (y) and then F (y) is integrated 
wrt. y. 
16.3 Triple Integrals 


Let f (x, y, z) be defined for all points in a finite region V of 
space. Let Sx Sy Sz be an elementary volume of the region V 
surrounding the point (x, y, z). Then 


bt, DUDS (xy 2) bby 8 


30 


is written as fi I (x,y,z) de dy dz which is called the triple 
integral of f (x, y, 2) over the region V. If the region V is bounded 
by the surfaces x = x,, x =x, Y=), Y= Vy Z= 2, 2 = 2, then 


ph ph 
Jff, 1 (x. 2) be dy de = ff” [P(x 2)dedy de. (1) 
16.4 Evaluation of Triple Integrals 
(I) To evaluate (1), we proceed as follows: 
(a) If x,, XY» Yr 2,» Z, are all constants, then the order of 


integration is immaterial, provided the limits of integration are 
changed accordingly. Thus 
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f S [Ps 2) de dy de 
= IPE PP Psa, 2) dey de 


= if ig JP F (sy. 2) de dy de etc. 


(b) If z,, z, are functions of x and y; y,, y, are functions of x 
while x,, x, are constants then integration is to be performed first 
with respect to z, then with respect to y and finally with respect 
to x, Thus af 


Sf) 1 (= 9,2) de dy ae 
= ge {Es lees Fay, 2) dz dy dx 


He = (2.3) 


(Il) If f(x, y, 2) = 1, then the triple integral fff de dy de gives 
the volume of the region V. 
ILLUSTRATIVE EXAMPLES 
Example 1. Choose the correct answer : 


EG +y)acay 
@t (i) 0 (iii) ; (iv) ; 
Solution : 


LLCs racy = f[ [Ce +9*)ae]y 
-{(G]4 
- LG+r)s 
(2-2) 


i, 
2 


" 


LL 
3. 
Hence the correct answer is (i 


v) 
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Example 2. Evaluate If fy (1+ x4 y)dedy. 
Solution : 


f Pores ydedy 
= [fav a+x+y)a]ay 


Z f florey+n)ac]ay 


Example 3. Evaluate i f aay, 


lo 


Solution : 


et dedy 
Wy 
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= F (sin y), 


dy de 


x+y? 


Example 4. Evaluate f {+ 
Solution : 


ile + i(e ox 7) 
x oa 


Example 5. Evaluate ian ody dx. 
Solution : 


(Maya = ff fray] 


“i 


= [ice ‘ dx 
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Solution : 
(LG? +9 +?) de da 


= LEG + 2)a]oae 

=f Leste Z) ara 

=f f,{(verre+8) 
-(-ea-va-S hava 

=f fi aryter® aye 

-or lf (vo+ye+2) |« 

= 2 (eo+%arty) ae 

= 2f. {r+ Zoro) 
rata 8H 
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Sle +B +a'] 


Example 8. Evaluate i f. fixe dx dy. 
Solution : 


Lf fedeaedy = PU [sae] aw 
= [f.Gedeay 


z f{fx0-oa} a 


-t(6-3}-Ge-Sr}0 


3 


-i(-yr-b)s 


10 21 
dats 
6 10 21 35 
“asin ea8 
Example 9. Evaluate [a0 f "dr if “a 
Solution ; 


[Pao fo ar f° de 


= [a0 [ar (ray, 


_ pee 


= fae "(ra -P) dr 
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1 phao( 22 
“at 2 4h 


wt h(ctante_'ente) 
ort Sl Ger eee a ad 


: 
= 5 [(2sin® 0-sin*9) d0 


4°22 422 
Sa’n 
* "64 
EXERCISE 16.1 
Evaluate the following : 
1 [ @+»)deay 2 Pf@+3")ae 
3. Lfolsxty)ad 4 [ery aa 
= CSS 6. ff (x+2)dedy 


2 {008 («+ ») aya 8. f [lore )ayae 
9 [i [ate )acay 10. ff dae 


LLL +3v+2ba 12. Ep 'Fyaedy 


Bp [Prod a [Ff rdeao 
1s (Peay 16. f [Avdae 
CN a 


8. (P(x yaa 
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9. L[% etree 20 PEP yavee 
a LPP erzdedyde a2, ff fle eededyae 
23, [0 f [[0e+ 2x42) dedy de 

24, ff [tye e)dvded 

25, [de fay [x92 de 

26. fy, [PP sede dye 

m Eff oeoe 

28. ff? flog 2 ae ax dy 

29, (2 [2 % sin y ae dy a 


30, Peter ee dy de 


ANSWERS 
EXERCISE 16.1 
1,3 2. 12 
3. 303 4. 2 (a +) 
5. log a: log & 6.5 
9232 8. Beene 
9. Faetse 10. 3 
71 67 
WG 2. 55 
8 
13. = 14. 2n 
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Jeves 
= [77d sin* 0 cos? 6 cos 6.40 
eo 3 


x=0,y=Oandx+y=1. Y 
Solution : The region R of 
integration is the shaded area 
shown in the figure. 


Here x varies from 0 to | and 
y varies from x-axis upto the 
line x + y = 1 i.e. from 0 to 
Tax. 

«. The region R can be 
expressed as 


Osxsl0<ysi-x 
fer reey 
. [fer eayas 


room 


x 5 file -e*)ax 


" 
wi= 
— 
' 
% 
' 
i= 
% 
ss 


" 
= 
— 
Le 
+ 
Ni= 
ae) 
uy 
f 
i 
a 


-4[-e (e-+4(e-M(e+0)] 
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" 


(2e? - 2e + e-1) 


1 fae (e-1)+1(e-1)] 
- (=!) e+!) 
et 
Example 3. Evaluate {{) ydy dx, where R is the region bounded 


by the parabolas y* = 4x and y* = 4y. 
Solution : Solving x? = 4y and y = 4x, we get 


2) 
(3) -« 
> x (P - 64) =0 
> x=0,4 
_ when x = 0, y = 0; 

when x = 4, y= 4. 

-. Coordinate of the point of 
intersection are (4, 4). 

The region R can be expressed as 


2 
Osxs4,=sys2vx 


2 


“freed = [free 
air 


7 f (4), & 
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12, 


13. 


17, 


20. 


Evaluate [fj ae dy over the region in the positive quadrant 
for which x + ys 1. 
Evaluate 


@ [ery )aedy — (o) ff. (ax+3y)aray 
where A is the region bounded by x = 0, y=0,x + y= 1. 


Prove that the area of the region bounded by the line x = uy 


and the parabola y? = 4x is i 


» Find the area between the parabolas y? = 4x and x? = 4y, 
. Evaluate Jlm (x+ y) dx dy over the area between y =x? and 


yer. 
Compute the value of {pasar wten Ris the region in first 


quadrant bounded by the ellipse aes + : =1, 
Pa 


Evaluate Slfe= dx dy dz over the ellipsoid 
en ae 


). Find the volume of the hig etytz2aa, 


Evaluate pear Fpere 7 over the region 


x20,y20,z20,x+y+zS1 


(i.e. over the region bounded by the coordinate planes and the 
plane x + y + z= 1). 


ANSWERS 
EXERCISE 16.2 
1. nab 2, 8 
4 

27 
ca 4 


4 * 24 
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5 tals 


4 
19. 3 
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17 


Change of Order of Integration 


17.1 Sometimes it becomes difficult to evaluate double and triple 
integrals directly and in such cases, a change in the order of 
integration is found useful. In double integration if the limits of 
both the variables are constant, then we can always change the 
order of integration without any difficulty. But when the limits of 
y are functions of x and the limits of x are constant, then for direct 
evaluation of the double integral, we shall have to integrate first 
with respect to y (treating x as constant) and then with respect 
to x. However in case when the direct evaluation is difficult and a 
change in the order of integration seems to be desirable, then we 
shall have to find the new limits of x as function of y, and the limits 
of y as constants, by consideration of geometrical conditions. 


ILLUSTRATIVE EXAMPLES 
Example 1. Show that 
EUs ryaeay= PPP (ay) dra. 


Solution : 
Y xwa xed 
ry, 
qed 
ii Bb) 
ATMMMY x = b 
Ba) 
° x 


Fig. 1(a) Fig. 1(b) 
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In the double integral on the left hand side, we see that y varies 
from the line y = a to the line y = x and x varies from the line 
x =a to x = b. Thus the region of integration is the triangle ABC 
[Refer Fig. 1(a)]. If we reverse the order of integration, then we see 
that x varies from the line x = y to the line x = 5 and then y ranges 
from y = a to y = b [Refer Fig. 1(b)). 


Hence ft Wacs y) de dy = [ fr y) dy de. 


Example 2. Change the order of integration of f [iv aeay. 


Solution : If we see the given 
double integral, we find that | 
the whole region of Ree ve 


integration is bounded by the A 

lines y = mx, y = ix, x = 0 and 

x =a. Let us draw a line B (a, ra) 

through A parallel to OX, ye 


dividing the region of 
integration OAB into two parts 
OAC and ACB. Let us 
consider the strips drawn 
parallel to the axis of x ineach © 
region. We see that 


In the region OAC, 
the integral after changing the order of integration becomes 


= Ya 
[U7 Vaya 
and In the region ACB, 
the integral after changing the order of integration becomes 


[Sy rare 
me 
0 mo pf, a 
Hence fff ¥ dedy= [~f" Vayae [ [dy 
Example 3. Change the order of integration in the double integral 
wacosa ple? 
GP" LL FG) aeay. 
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Solution : The limits of integration in the given double integral 
show that the region of integration is bounded by the following 
curves 


y=xtana,y= ja*-x?,x=0,x=a cosa. 
y =x tan a is a line passing 
through the origin which is 
the centre of the circle x? +y? 
= a’, and is inclined at an 
angle a to x-axis. These two 
intersect at A (a cos a, a sin 
a). Hence the region of 
integration is OAB as shown 
in the figure. 
Through A draw a line parallel 
to x-axis, thus, dividing the 
region of integration into two 
parts say OAL and LAB. 
In the région OAL 

The strip parallel to x-axis has its extremities on x = 0 and 
y =x tan a. Hence limits of x are from x = 0 to x = y cot a. Since 
Ais 


‘A (a. 008 a, a sin a) 


(a cos a, a sin a), 
the limits of y are from 0 to a sin a. 
In the region LAB 
The strip parallel to x-axis has its extremities on x = 0 and the 
circle x? + y? = a, Hence the limits of x are from 0 to Ja’ - y*. 
The limits of y are clearly from a sin a to a. 


Thus 
Cre re naegy 
= LU Lenders [LP rer davrae 


Example 4. Change the order of integration in 
20 plat 
if les V dx dy. 
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Solution : The limits of integration in the given double integral 
show that the region of integration is bounded by 


y= ~a-x 

ie, x+y =2ar 

ie, (x-aPt+y=@ie., 
a circle whose centre is (a, 0) y 
and radius a, y = V2ax ice. 
y = 2ax which is parabola, 
x = 0 and x = 2a. The parabola 
and circle touch each other at O 
(0, 0), the common tangent there 
at being x = 0. The line x = 2a 
meets the parabola y? = 2ax at 
y = 2a i., at the point B (2a, 
2a). Thus the region of 
integration is given by OBACO, 
Through C, draw a line parallel 
to x-axis. Thus the region of 
integration is divided into three © 
parts, 
In the region OLC 

‘The extremities of the strip parallel to x-axis lie on y? = 2ax and 
x? + ¥ = 2ax, so that the limits of integration of x are y*/2a to 
a- ja’-y? because 

x+y =2ar 

=> ¥Y-at+y=0 

oe 2at faa? ay" 
7 2 

=> x=atJja-y 
and we have to choose —ve sign because x < a for the region. Also 
the constant limits of y are from 0 to a. 


Hence the integral in this region after the change of order of 
integration becomes 


=> 
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